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Tinr seven t h annual me o I I iig _ p f t he S t t ujy C r i u i \ » was ii e Id .pu t he 1 IBC 
campus from June Htli to 12lli. AIjouc 45 iuotltem.it tc I .ins and luathcmnt ics 
educators met in wotMiig groups arid plenary hi'ssJuiih, following a ^ 

pattern oslabl lulled hi earlier meetings. The Study .Group .riml jnnos 

to fill a iiifl«|iic role, In at least *t wo rc-spocts: it Wrings lunthciwai (darts , 
and ma l homo l ics* educators together where tlic:y cnii meet on equal terms, 
and it allows time for topics to he followed through, both during each 
meeting and from one meeting to the next. 

The p r I ih* 1 pal guest srjiiaycnr were Pet or. Mil t on ( S j j jiy a it B 1 nehanwruii ) 
and Stephen Brown (SUNY at Buffalo). ? The former* spoke on '"jTu*. nature 
o f ma 1 1 1 cmh tics t od ay and I nip J lent io lis for ma t li em a 1 1 c:s Eciicli 1 ug" , nut I 
~b|ie j c i t t or on "the^iiii t lire of j» rob lem £_cne ra 1 1 on and t he ma t Ijemn t ic s ,' ' 
^^urriciilum". •The I r lectures were* stlmulat log and provocative, but 
perhaps even more significant' were their individual *coutrlbut Jons to 
other parts of the programme and their puNl Ic dialogues with each other. 

Scheduled, lectures were /given by Daniel' Ka lineman _(j_j_UCj on "intuit ions 

Slid fal larlesi In reasoning about probabilJ ty" and Thomas Kieroo (Alberta) 
on "Ha theina t 1 es eii r 1 c u 1 um de ve 1 opine li t 1 ri Chi uula : a p ruj ec 1 1 iui for ; , 

tiie_ future", "nnd «r hoc: presentations were .offered I : by J>t^r_t«yjur_(Qi_wcn , aJ 

on "Matlicmal If s."as poetry" 7fu'iT' - Joiiii Barry (Manitoba) on "Cross-cultural 

aspects <>f teaching mathematics 0 * , - . 

Tlils y*ar 's__wor(; lug groups took* as their subjects "Developing stat istical 

th ink ihg" u "Train I rig In. diagnosis and remediation for teachers", •"Matli.e- 

ma t i cs and Knigtiage" and "the 1 iif 1 nonce mf computer jac leiice on\ the ^ ^ 4 

undergraduate mathematics curr ion J urn" • ^ At least throe of the four groups 

plan to produce papers or short monographs oil the J>nsls of, their d JscWms Ions. 
An afternoon was set aside for demonstrations of computer software. z \ 

There were slightly fewer participants this year than at the last three. 
' meetings, pVrhaps be rnnse t ravel 1 1 rig expniisc support Is less easy £<» come 
by. Although meetings would lose rJiejr 

came too large, it seems a_nlty that many mathematics departments and 
faculties of education in Canada were not represented St all. Anyone Want- 
ing information .about theSludy Group Tiny get ln_tourh with tfi« waiter 
or- with B.B. Hodgson, l)6partemeut de mat he mat iques , Uivivcrslte Laval, 
Qu&bec, Qu^.. GiK 7i'«. 

• • . - 

David Wheeler __ _ 
Deparimcot of Mathematics 
Concordia University 
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EDITOR'S FORWARD 

The 108 3 CMIiSn/ncni)H meeting followed the s/imo forinat 
used for severa i years. The agenda included two lor Mi res 
presented by prominent persons; four working groups, each 
focusing oil a new or continuing theme from previous confer- 
ences; two topic groups and continuing groups. In addition 
the program included a computer workshop and opportunities 
for ad hoc sessions. 

The! lectures were presented by Peter Hilton of the 
State University of New York at BihghamtOh and Stephen 



Drown of the State University of Hew York at 'Buffalo. The 
papers from both lectures are included in these proceedings 
in their entirety. 

Reports from each of the workinq groups are included. 

The text of the Topic Group presented by Daniel 
kohneman entitled "Intentions and fallacies in reasoning 
about probability*^ is hot included. However, some refer- 
ences which include related tecttiral material are included. 



Charles Veriii I le 
EDITOR 
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LECTURE 1 



CURRENT TRENDS IN MATHEMATICS 
AND FUTURE TRENDS IN MATHEMATICS 
EDUCATION 



BY 

PETER HILTON 

DEPARTMENT OF MATHEMATICS 
STATE UNIVERSITY OF NEW YORK AT BINGHAMTON 
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CURRENT TRHNI1S IN MATHEMATICS 

i ; _. * » 

. and runmi: tri-nds in matiii-matics, ' _ 

» timfcATioN 

* i 

by • • 

\ __ \ j 

Peter Hi 1 tow '. ■ 

* 

My intention in this talk is to study, grosso modo, the 
dominant trends in present-day mat nemo It i cs , -niid to draw from tills 
study principles that should govern the choice of content and :_____ 
style In the teaching of mathematics at the secondary arid elemen- 
tary levels. Some of these principles will he t i me- independents ' { 
i.n the sens?" that they should always have been appTtx^tb the .-■ 
teaching of , mathemat ics ; others will be of special application to 
the needs of today's, and tomorrow's, students and will hc^ in that \ 
sense, hew i," The principles will be illustrated by examples in 
order to avoid the sort of frustrating vagueness which often 
accompanies even the most respec tab ic \« reebmmeridrit i oris (thus, ; 5 
•problem solving (should) he the fociis of school mnthciiiat ics in theft 

1980' s 1 llj): 1 

_____ • *i 

However, before embarking bit a talfc intended as a > :j 

. . . ._.___ __ _<* 

contribution to the discussion of how to nchicv.e a successful ■ j 

mathemnt lea I education* it would be as well to make plain what . | 

are bur criteria of success. Indeed, it would be as well to be | 

cienY what we understand hy successful education, sii.ee we would | 

-- ---- 4 

then be able to derive the indicated criteria by specialization. ^ 
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l.ct us bee. in by ae.reeine. that ;i successful riliic.tr Urn is 
one which Conduces to a successful j I To . ilowvirr; there is ;i 
popular, pc is i stent iiihI paltry view nf tin* success I'n I life which: 
kc hiiis t i mineci iatc j >• repud in to . Th Is is tile v i et» t ha r success i it 
I i I'e is mc.'isiirrcl by ufllucnce ami is man i frs t eel hy power ami 
influence over others. It is very relevant to my theme to recall 
that, when Queen l-lizahoth was recently the finest of President 
and Mrs. Reagan in California, the 'successes 1 who were gathered 
together to greet her here not Nobel prize-winners, of which 
California may boast remarkably many, hut Stars ol screen and 
teievi s'idii. As the London Times dese r Hied t Me oi c.is ion , "Qiiecii 
dines with celluloid rdvalty"". It w;is apparent I y assumed that ^ 
tlic company of FraiiS Sinatra, embodying the concept of success 
aga i lib t whicli I am i iive i j:hi hg , k»mi I d be ohv i bus I y pre fcrhhlc to 
that of, say, hinus i'aiilihg. 

The Kcaganist Si hat r 1st view of success rori tar i bi te.s a 
real threat to the i litciir fty of education; for education should 
certainly never be expect M to co inline to that kind »»f success* 
At worst, this view leads la a complete distortion of Hie educa- 
tional process; at the very least, it allies education far too 
closely to specific career objectives, nn alliance wiiich unfortu- 
nately has the support of many parents naturally anxious for their 
children's success. 

he would replace the view we are iri or t i njj by one which 
emphasizes the kind of activity in which an individual indnle.es. 
at)d the motivation for so i ndul y. i nf! • intlier than his, nr her, 
accomplishment; in that activity. The rea I i .-a I ion of I lie 
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• 

iiuliviJi4.il 1 ** potential is stiYely :i tn.uk of simoss in |i|>; 
I'oiH i .i«il in)* mil view will* lh.it wliiih we arc ;i t liiek i iir. ; wo should 
Seek pimr i m »' i ml j-M* I V'i's , no I nvi'i «»1 lii* r people*; WC slioii I il sceli 
thi* ktiow I t-»l ami uhili' is | ami j iijt to j: i \ e lis power and rout nil hvci 
r h i nr. s , not pi-op | r : IV i- slion I il want t o be V icli hut i ii sjy r i t iia I } 
riillici Hi. mi material j esbii iri'tfs '. IVe should want to influence 
people, hiit h y " I lit' peisiias i vc force i*^ itiir ar^iiriiehi ami cxniiipl e f 
.ind hot \>\ ilie picssiiio uc can excijT by biir control of their live* 
and, e\ eh nioit siiiistcrly, of their thoughts. 

it is ,»ili*-o I tit e ly oh\ ibiis t li;i t cUuca t ibii^vat) , and < Hon Id , 
Iciid to a Miiicss I'nl life, so defined. Moreover, mathematical 
eiliii'cii i oil i »i a pai'MciUaHy s I e.ii ii f i criii ii component of siicli an odn 
cation. Mi is is I i he f o r, ticb reasons. Oh i lie on,e ha ml, I would 
State il«>}.in.i t 1 1 a I J y thai mathematics is one of the human activities, 
ike Ml, literature, music, or the mokinji of gnotl^imrs , wh it'll is 



i lit I i lis u a I I >' worthwhile. On the ot hei} hand, ma themltt i cs Is a key 
element in ».i ience and technology ami thns vital to the nude rs i;md - 
iilK. control ami development of the resources of the world aiouml 
us . I he so t ho a spec t s of ma t hema t i e s , o f t en re j'er red to -as pure 
itTa t iii-ma t i cs and ippl ifd mathematics, should both he present i r. a 
we I i ha 1 .1 m id . <n«'rcss | ii j ma t hema t i cs edueat ion. 

l.»-t me end these i tit rodiic I t*i v remarks by referring to a 
partiiHlar aspect of the iiudei'st and i nj; ami' 7 con t rol to which m^the* 
mot i can i out r i hut e so mucli. Through our edueat ton we -hope to 
jtain know lediie . IVe tan only he said to really know something il' 
we kiioi< ill it we know it. A sound eilucat ion should enable us to 
ill si iii)*iii »;li between what we know and iuh.»t we do not know; ami it 
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is a deplorable faci that so Siiiiv people I i>U:i v « iiiCliitllflg large 
numbers 6T ps>iidosucccsses but also, let iis jiilm i I , many members 
o f our o\\ n 21 e a J em i c c ommii h i t y , seem hot to he able to ma k e^t h~? 
distinction. jt is ol' the essence of genuine mathematical eJ liga- 
tion that it leads to understanding aod skilJ; short cuts to the 
acquisition of skill, without understanding, sire often favored by 
scj f •confident pundits of mathematical education, and the results 
of takinjj siich s ho i r cuts are s I liyii I ai* i y unfortunate for the yuiiuj» 
traveller. the victims, even if * success In j • , are left precisely 
in the position of not knowing ma t homa t i c s and inM knowing they 
know no mathematics, l-or most, however, tlfe skill evaporates or, 

_Lf it does not, it becomes out : dated No real ability to apply 
quantitative reasoning to a changing world has beeii learned, aod 
the most frequent and naturaj resuj t is the behaviour j>atte4i 
known as 'mathematics avoidance'. Thus does it lr:rnspfrc that 
so many prominent citizens exhibit both mathematics avoidance and 
luiawa rears s of i gnoraiic e . 

This then is my rase for the vital role of a sound 

>ma t liema t ica I edtK a t ion , aiul from these specu I a t ions j tier i ve my 
criteria of success. 



2 . Tren ds in Mathe ma tics Today 

The three pr i nc ipa I broad t rends i n ma t homa tics today I 
would char a c t er i ze as f i j variety <if appi icaf i«nt> . Nil a new 
unity in the mathematical sciences 4 , and Hii) t he ubiquitous 
presence of the computer, Of course, liie«*e are not independent 
phenomena, indeed they arc strongly intoi related, luit if Is easiest* 
to discuss them i ml i > idna 1 1 v . 
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jiu' increased variety ol application shows It si* IT hi * 
two w-iiys. t»n Mir one hand, area* of suleiice, hitherto remote 
from or oven I miiiiini* to mat hcmti it ii s , nave become •iitieeted*. Mils 
is coiisji iciiiuis i y t rite of the social sciences* biif is also a * 
feature oT present -tisiy theorc ifi ca I hinlbjiy. It is initewoitliy 
thai \j Is lint oiiiy statistics tind probability » "ie 
applied ti» the social sciences ami biology: we die seeing the 
;ip|ii icat ioii hI" fairly soph i st I C;i t ed areas of real analysis, linear 
;iigejir:i niid; comb i ua tor ics; to name hut three parts of ma t liciia He s 
iin'olu'd in this |'nu ess, • 

ivot mh)1 iier cont rihiit iini factor to the increased 

. 

v.i rict > ol appl ica t ions is the conspicuous fact that a'i'iia* of 

liiil it Itein I ic :< , hitherto regarded as imprennnblv pine, are uon being 

applied. \liiehraic geometry is he inn applied to control theory 

arid 'the V tndc ti f la i'j* e - sea I e s y s t ems ; c om i> i a a to r\ c s aiiH ""j»Ta plf flieo r y 

are applied to ecoiioin i c s ; the theory vT fibre bundles is applied 

to physics: algebraic iinaiiaot theory is appi iod in the St ml* of 

ei ioi cniieUthj: codes. Thus tin* distinction betnem pure and 

applied m~:H Hematics is seen now not to he based on content bill on 

the atiitiiilr ami motivation of the mathematician. \o longer fail 

S 

It hi* aietird that certain ma theiiiat ica I topics can vilely be 

nefiieited by the student coiitemplat ini! a career applvtitg ma the 
mat ics. I uoii I «f j:o further and argne that there should net be a 
sharp distinction between the methods of pure ami applied mathe- 
matics, teitaiiily sticli a distinction sltnit I J not consist oi a 
j» rear ii it Lotion i« rigoni in the pure community, for I he applied 
mat jiriiiai ii i.iii needs to understand very well the domain of validity 
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* of the methods being employed » and to he able to analyse how 

stable the results lire and the extent to which the methods may be 
modified to suit new situations. 

these last |»o hit s gu i In further si jjii i f icance i f one looks 
more carefully at what one means by 'applying mathematics'. No- 
body would seriously suggest that u piece of mathematics be 
si igmnt I zed us inappl icablc just because i 1 happens not yet to 
have be^en applied. Thus a fairer distinction thagi that hetwecn 
'pure' ii ltd 'applied' mathematics would seem to be one hetwecn* 
1 inappj icablc ' and 'applicable 1 mnt hematics ^ nud our earlier 
reran rks suggest we should take the exper I mcnta 1 v Lew tha t the inter* 
sect i on of inappl J cab le ma theraat ics and good ma t hemn tics is probahly 
empty. However, thl s view comes close to being a suhjective cer- 
tainty if one -understands, that applying mathematics is very often 

__ _____ _ i _ _ _ _ 

not a single-stage process: We wish to \t tidy n 'real world' 

prohlcm; we form a scientific model of t/ic problem and then con* 
struct a mathematical model to reason ahoiit the scientific or 
conceptual model (sec [2 )J . However, to reason within the mathe- 
matical model, we may well feel compelled to construct a new 
mathematical model which embeds bur original model in a more 
abstract conceptual context; for example, we may study a particular 
partial differentia] equation by bringing to bear a general theory 
of elliptic differential operators. Now the process of modeling 

a mathenint ical situation is a 'purely' mathematical process, but it 

■ * iff 

is apparently not confined to pure mathematics! Indeed, it may 
well be empirically true that if is more often found in the study 
of applied problems than in research in pure mathematics. /Tints we 
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sec, first. Mint tiic concept of applicable mat in a n;it ics needs to 
l»c broad cuotigh to include parts of matliemat ics applicable to son c 
area of ma tin-mat ics which has already been applied; and, second ; 
that* the mi* t hints of pure and applied mathematics have much sore in 
common than would he supposed by anyone listening to Some of their 
more vociferous advocates. Tor our purposes now, t lie lessons for 
mathematics education to be drawn from looking at this trend iii 
mathematics are twofold; first, the distinction betw een pure and 
appl i cd- m a t licmat ics should hot be emphasized in the jl c a c hjji ^ Ji f 
matliema t ics. ;iiitf, second, o pportuni t ies to present applications 
should be taken w he rever appropriate/^ matl ieinat ics 

ciirr iciil urn . /{ 



The second trend we have identified is that of a hew 
uu i f i c a t i on of mat h eha tics. Th i s^ s discussed at some I e n £ t h i n 

[5J f so we will hot go into great detail here. We would onlv wish 

• • _ _ . 

to add to the discussion in [3] the remark tlint this new 'unifica- 
tion is c I ca r I y d i see in i h 1 e within mat liema t ie a 1 re sen r ch Itself. 
Up to ten* yen is ago the wost^clnirnct cr 1st ic feature of this research 
was the 'vertical* development of autonomous disciplines, some of ; 
wltich were of very recent origin, thus the community of mathe- 
maticians was'part i t ioncil into s uncommon i t ics united by a common and 
rather exclusive interest in a fairly narrow area of mathematics 
(a Igchra ic gcomct ry , a 1 gch ra ic topology , homo log i ca i a I gchra , 
category theory, commutative ring theory, real analysis, Complex 
analysis-, sinmiiah i I i t y theory, set theory, etc., etc.). Indeed, . 
some would nr)»ne that no real community of mathematicians existed, 
since specialists in distinct fields were barely able to communicate 
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with each other. 1 do not impute any fault to the system which 
^prevailed in this period of remarkably vigorous mathematical 
growth- • indeed , 1 believe it was historically inevitable arid thus 
•correct ' : -but It docs appear that these autonomous disciplines 
are now being linked together in such a way that mathematics is 
being reunified/ We may think of this development as ' hor i zorftn 1 \, 
as opposed to •vertical* growth. Examples' are the. use of com- 
mutative ring theory in combinatorics, the use of cnhomology theory 
in abstract algebra, algebraic geometry, function:)] analysis and 
partial differential equations, and the use of Lie group theory 
in many' mathematical disciplines, So relativity theory and in 
invariant gajigc theory. a 

1 believe that the appropriate education of a contemporary 
mathematician must be broad as well as deep, and that the lesson to 
be drawn from the trend toward a new/uni f icat ion of mathematics ■ 
most involve a similar principle. We may so formulate it: we 
must break down artificial barriers between mathematical torrid* 
throughout the student's mathematical education . • '-; 

The 'third trend to which 1 have drawn attention is that ? 
of the general availability of the computer and fts role in actual™ 
changing the face of mathematics. The computer may eventually take] 
over o_ur lives; this would be a disaster. Let us assume this dis-C^v 



aster can be avoided; in fact, let us assume further, for the • 
purposes of this discussion at any rate, thnt tFV computer plays \M 
an entirely constructive role in our jives* and in the evolution of :'jg 
our mathematics. What will then be the effects? 
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i;Sic computer is changing ma themat ics by bringing, certain 
topics ihtii greater prominence*' it is even causing ma t hemat lc 1 0115 to 
create new areas of mathemut ics (the theory of computat iona I 
complexity, the theory of automata, mathematical cryptoiogy). M 
ttie same tini^it is relieving us of certain tedious aspects, of 
traditional ma thcm« t ica 1 activity which it executes faster and • 
more accurately thai! we con., It makes it possible rapidly and 
painlessly to carry out numerical work, so that we mny^ accompany 
bur analysis of a given problem with the actual calculation of 
numerical examples, JJoVev>§*>, wheji we use the computer, we must 
be aware of certain risks to the validity of ihe splutlon obtained 
due to such features as structural instability aiu! . rbiind*of f error* 
the computer is especially adept at solving pro hi cms involving 
^Iterated procedures,. so^fhat the method of successive appjoxlma* 

t ions (iteration theory) takes' on a new prominence. On the, other 

_ _ __ _ 

hand, the computer renders obsolete certain mathematical techniques 
which have hitherto been prominent in the curr iciil urn- -a sufficient 
example is furnished by the study of techn iqucs^f integration. 

There is 0 great debate raging as to the impact which 
the computer should have on the curriculum (sec, for example, 
|6j). Without taking sides in this debate, it is plain that there 
should he n noticeable impact, and that every topic must be examined 
to determine its likely usefulness In a computer age. It is also 
plain that no curriculum today can be regarded as complete unless 
it prepares the student to use the computer and to understand l t» 
mo de of ope r at ion . We shouJri inctiidc In this understanding a 
real iznt ion of 'Its scope and its limitations; and we should abandon 
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%Ue fatuous Idea, today 30 prevalent in educational theory and 
practice, xhat the principal purpo5e of mathematical education is 
to enmblc the child to become an effective computer even if deprived 
of all mechanical aids? 

Let me elaborate this point with the following tahle of 
comparisons. On the left 1 list*humah attributes and on the right 
1 list the contrasting attributes of a computer when used as a 
calculating eng ine ^ I stress this point because I must empa If size 
that I am ne^t here thinking, of the computer ns a research tool in 

the study of artificial intelligence. I should also add that 1 

1 

am talking of contemporary human -beings nnd contemporary computers* 
Computers evolve very much faster than human beings' so that their 
characteristics may well undergo dramatic change in the span of a 
human lifetime. With these caveats, let me display the table. 



Humans 

Compute slowly and inaccurately. 
Get distracted. " ! 



Are interested in many things at 
the same time. 

Sometimes give tip • 

Arc often in tell igent^and under - 
standing. 

Have ideas and iraag Inat ion, make 
Inspired guesses, think. 



Computers ' . 

Compute fast and accurately. 

Are remorseless* relentless 
ami dedicated. , 

•Always concentrate and cannot 
be diverted. 

Are incurably stubborn. ~ 

Ajjo usual ly pedantic and 
rather stupid. 

Can execute • IF, . .ELSE* 
instructions. 



Human— end- 



r 1 b u t e s 



It is an irony that we seem to teach mathematics as if 
our objective were to replace each human attribute Jn the child by 
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tho corresponding computer attribute- -anti this is a society * 



nominally dedicated to the development of each human being's indi- 
vidual capacities. Let us agree to leave to the computet what the 
computer does best and to design the teaching of mat hematics as a 



remarkably significant consequences for the design of the curricu- 
lum, the topic to which we now turn. 



3. the Secondary Curriculum 



principle*, That 'is, we will list the topics which should be 'In* 
or strongly emphasized, and the topics which should bo 'Out' or' 
very much underplayed . Ke will also be concerned to recommend o^ 
castigate, as the case may be, certain teaching strategies and 
styles. We do not claim that all our recommendations are strictly 
contemporary, in the sense that they are responses to the current 
prevailing changes irv mathematics and its uses; some, in particular 
those devoted to questions of teaching practice, are of a lasting 
nature and should, in my judgment . have been adopted lone^ since* 



by commentary. We begin with the 'Out' category, since this Is 
more likely to claim general attention; and within the 'Out* cate- 
gory we first consider pedagogical techniques. 




Let us organize this discussion around the "In and Out' 



We will present a list of 'In' and 'Out' Stems, followed 



* 




- 0ut (Secondary Leve}) 

1 . teaching Strategies ^ 

Authoritarianism. ' 

Orthodoxy. 

Point lessness. 

Pie- in- the-sky motivation. 

2. Topics 

Tedious hand cacluations. 
* Complicated trigonometry. J 
Learning geometries! proofs* 
Artificial 'simplifications'. ; 
Logarithms as circulating devices. 

Commentary 

s There should be no need to say anything farther about 
the evils of authoritarianism arid pointlessness in presenting 
mathematics. They disfigure so many teaching situations and are 
responsible for the common negative attitudes towards .mathematics 
which regard it as unpleasant arid useless. By orthodoxy we intend 
the magisterial attitude which regards one 'answer' as correct and 
all others as (equally) wrong. Such on attitude has been partlcu- 
larly harmful in the teaching of geometry. Instead of being a ^ 
wonderful source of ideas and of questions, geometry musT appear ~j 
to the student required to set down a proof according to rigid . 
siid immutable rules as a striihge sort of theology, with prescribed 

. _ _ - ■ 1 ' r Y:M 

responses to vlrttinlly meaningless propositions. , . 
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Po int I es snoss means urimot I vo ted mathematical process. 
By 'pie- In *t He -sKy • motivation we refer to n form of pseudomot i va - 
tion in which the student is assured tlint, at some unspecified 
future Jute, it will become clear why the current piece of mathe- 
matics warreuts learning. Thus we find much algebra done because 
It will be useful in the future in studying the differential and 
integral r;i leu! us- - just as much strange arithmetic done at rlie 
elementary level «c an only be justified by tlie student subsequent 
exposure to algebra. One. might perhaps also include/lie re tlie habit 
of presenting to tlie studerft applications of tlie mathematics being 
learnt which con Id only interest the student at plater level of 

maturity; obviously, if an application is to motivate a student's 

/ 

study of a mathematical topic, the application must be interesting* 

With regard to the expendable topics* tedious haiid 
calculations have obviously been rendered obsolete by the availa- 
bility of haud : calculators and minicomputers, to retain these 
appalling travesties of mathematics in the curriculum can be 
explained only by inertia or sadism on tlifc part of the teacher 
and curriculum planner. It is important to retain the trigono- 
metric functions (especially as functions of real variables) and 
their basic identities, but complicated identities should be elim- 
inated and tedious calculations reduced to a minimum, tinders t n riding* 
geometric proofs is very important; Inventing one's own is a 
splendid experience for che student; but memorizing proofs is a 

suitable occupation only for one contemplating a monastic life of 

■ ♦ * .... 

extreme asceticism. Much time is currently taken up with the" 

student prucessing a mathemnt Icflj* expression which came from 
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nowhere, Involving n combination of parentheses, negatives, an J 
fractions, and reducing the expression to one more socially 
acceptable. This is absurd; but, of course, the student must 
learn how to substitute numerical values for the variables appear- 
ing in a natural mathematical expression. 

Let us now turn to the positive side. Since, as our 
first recommendation 'below indicates, we are proposing an inte- 
grated approauh to die curriculum, the "topics we list are* rather 
of the form of modules than full-blown courses* 



Iii (Secondary Level) 



1 • Teaching Strategies 



An integrhted approach to the curriculum, stressing H 
the interdependence 'of the various parts of mathematics. 

Simple appi icatiofis . 

m 

Ui^lbrical references. 
Flexibility. 

Exploitation of computing availability. " 



2. To pics 



Geometry and Algebra (e.g., linear and quadratic functions, 
equations and inequalities). 

Probability and statistics* 

Approx iwa i'ioir and estimation, scientific iiutatluir. 



Iterative procedures, successive approximation. 
Rational numbers, ratios and rates. 

Arithmetic mean and geometric mean (and harmonic mean). 
Elementary number theory. 
Paradoxes . 



f'nmtnt* 11 t-SLTU 

CVWNtVtl V «l I 2_ 



iV i Lli respec t to teach i nR s 1 1 n teg ics , our most s igui f icaut 



rccoMoiciiJnt iun is the first. (I do not say it is it ? most import - 
and, hut it is the most characteristic of the whole tenor of this 
\ article.) Mathematics is o unity, albeit «a remarkably suhric one, 
and we must teach mathematics to stres's this. It is not true, as 
some claim, that . all Rood mathematics- -or even all applicable mathe- 
matics- -has arisen in response to the stimulus of problems coming 
from outside mathematics; but it is true- that all good mathematics 
has ai isen J rom the then existing mathematics, frequently, of course 
under the impulse of a 'real world*' problem. Thus mathematics i£ 
an interrelated and highly articulated discipline, and we do vio- 
lence to its true nature by separating it--for teaching or* research 
__ ___ _ _ _ _.__ _ _ _» _ _■ 

purposes- - into artificial watertight compartments. In particular, 

geometry plays a special role in the history of human thought. It 
represents mail's (and woman's!) primary attempt to reduce the com- 
plexity of our threc-dcminsional ambience to one-dimensional 
. language. It thus. reflects our natural interest in the world around 
iis, and its very , existence testifies to our curiosity and bur search 
for patterns and order in apparent chaos. *Wc conclude that geometry 
is a natural conceptual framework for the formulation of questions 

_ .„ and„the_p r eseii tatloui'of results,- I \ S s not %_ however , in Itself a 

:_: :r; ~_.:.".* _:.__" "_£$.— : _:__:: ' '..'.*_. __ ' 

method of answering questions and achieving results. This, role is 

preeminently played by algebra. If geometry Is a source of ques- 
tions and algebra a means of answering them, it is plainly 
j*' ridiculous to separate the*. How many students Have suffered 

through; algebra courses, learn nig methods of solution of problems 
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coming from nowhere? The result of such compartmentalized 
instruction is, frequently and reasonably , a sense of futility 
and of the point lessness of mathematics itself. 

^he good seiise of including applications and, where 
•appropriate, references to the Uistory of mathematics Is surely 
self-evident. Both these recommendations could he included In a 
broader interpretation or the thrust toward an Integrated curricu- 
lum, the qualification that the applications should be simple is 
intended to convey both that the applications slioiijd not involve 
sophisticated scientific Ideas not available to the students-* 
this Is a frequent defect of traditional 'applied mathematics'-- 
and that the appl Icat Ions should be of actual inTerest to^ the 
student, and not merely important, the notion of fiexibl 11 ty Ultfi 
regard to the curriculum is inherent in an integrated approach; J 
it is obviously inherent in the concept of good teaching. Let 
us admit, however, that it can only be achieved if the teacher is 

-■ -- -- -- -- l -- ■ 

confident In his, or her; mastery of the mathematical content. 
Finally, we stress as a teaching strategy the use of the hand- .* 
calculator,' the minicomputer aijd, where appropriate, the'tomputer , 

'. . -t, _-— * 

not only to avoid tedious calculations hut also In very positive 
ways. Certainly we include the opportunity thus provided for [. 
doing actual numerical examples with real -life data, and /the need 
to re-examine the emphasis we give to various topics in the flight 0 4; 

Of computing availability. We mention here the^mattcr of fcomputer - 1 

_. ... _._ IvTj- • 'a| 

aided instruction, hut we believe that the advantages of this use 

^oJL_t he .compute r dcpciiut3reryz«muc;h~cm^Jocn l__cjxcums t«nces f .arid are ^ 

more likely to arise at the elementary level. M 

" • 4 
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WUh regard to topics, we have already spoken about the 
link between geometry and algebra, a topic quite large enough to . 
merit a separate article. The next two items must be in the cur- 
riculum siiqpty because no member of a^modern industrialized 
society can afford to be ignorant of these'^subjec ts , which con- 
stitute our principal day-to-day means of bringing quant i tat ive 
reasoning la bear on the world n round us. We point out* in 
addition, that Approximation and estimation techniques are essential 
for checking and interpreting machine calculations. 

it is my belief that much less attention should be paid 4 
to general res-ults on the convergence of sequences and scries, oj»d 

much more on quest ions related to the rapidity of convergence iHid. * 

1f_ # 4 

t. This applies even more to the tertiary 
econdnry level, we should be emphasizing 
iterative projSttu^Q^si nee these arc so well adapted to. computer 
prog rn mm ing. JVrhafte the most important result — full of interest* 
ing appj icat ions is 3hat a sequence f x R J , satisfying x^ ^ j ■ 

ax- * b, converges td^_ ^-ji-jjl f aV< 1 and diverges if |a| >l. 

(tor one application sec (4j). ft Is probable that tlic whole 
notion of proof and definition by Induction sh/tild be recast in 
•machine* language for today's student. 

The next recommendation is integrative In Mature, yet 
it refers to a change which is long overdue. Fractions start life 
ns purrs of wholes and, at a certain stage, come to represent 
amounts or measurements and therefore numbers. However. t|ie> life 
not tjicjnsc I yes iiiimbers; the numbers tlfey represent jirc rational • 
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numbers. Of course, one conies to speak of them as .numbers, XnVt 
this should only happen when one has earned the right to he sloppy 
by understanding the precise nature of fractious (sec |5jj. If 
rational numbers are explicitly introduced, then it becomes un- 
necessary to treat ratios as new and distinct quantities. Rates 
also may then be understood in the context of ratios and dimensioua 
analysis. . However, there Is a further aspect of the notion of 
rate which it is Important to include at the secondary level. t 
refer to average rate of change and, in particular; average speed, 
the principles of grammatical construction suggest that, in order 
to understand the composite term 'average speed' one must under- 
stand the constituent terms 'average' and 'speed' • This/is quite 
false; the term 'average speed 1 is much more clement a ry^fian either 
of the terms 'average', 'speed', and is not. in fact, th 1r compo- 
site. A discussion of the abstractions 'average* and 'speed' at 
the secondary level would be valuable in itself and an excellent 
preparation for the differential and integral calculus. 

Related to the notion of average is, of course, that of 

arithmetic mean. I strongly urge that there be, at the secondary 

- ■ - — — T - - _.. ».._ ._ ._ _ • 

level, a Very full discussion of the arithmetic, geometric and V t \ 

harmonic means and of the relations between them. The fact that 

the arithmetic mean of the non-negative quantities a j , a^, •••• 

a-- Is never les^s than their geometric mean and that equality 

occurs precisely when a^ ■ a 2 ■ •° n » wa Y bo used to obtain 

■any maximum or minimum results which arc traditionally treated ns 
applications of the differential calculus of several variables-* * 
a point made very effectively in a recent book by levari Nivon. 
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, n.i.ntibnaily. liuclidea.i geometry |i;,s been held t „ 

jusrify Ms ,..,cc hi ihd secondary cur* iciiliii „„ iK ¥ g,o,,„d* ,„,, 
it teaches the imm logical r C ,s«hih«. This may „ ilvc been true 
in So-i, NMloiiJt icidciiy . What we cSii observe empirically today 
is that i, survives In o„r crriciiliii i is vli«u„ j iy. toi»i isolation 
from the res. „i mathematics; that it is not pursned a. the Uni-' 

VCrSity: i " ,d " ,:,t " tKSH but the very r „„ t „ 

fIStr Tbr ibgieai reasoning but distaste for geometry. a feel i„ B 
of polnt.essness. „„d » fa-iliarlty with failure. Again, it w„u,d 
taRe a " atC i?r,iC,P < st -ry least) to do Justice to the 

intricate .Vest, on „f the role ^synthetic geometry in flie 

CUrCit '"""" • " ,,,C ' ' fe,Sh " P^.'°se that its hypothetical role 
can be assumed by a study „f elementary n.imber theory, where the 
.xiomaUc system is s „ much less com,,. ex than that of plane . 
SuclidcWgeou.etry. Moreover, the integers are very 'real- to 
1:1,6 Stl " ,C,U P»i««wily. fascinating. Results can he obtained 

>v discip.incd thought. i„ a' few lines, that „o hi R h-s,>ecd computer 
toold obtain, without the benefit ol h.a»an analysis, in the 

tudent's lifetime (n 119 j' 2 a i szi .,1 ~ r 

J "I mod 13^. Of course, log.cal 

easonioR should also enter Into other parts of the ciirr icUiii; 
f course, too. synthetic proofs of geometrical propos i Hons shouht 
ontinuc to Play a part in the teachin 8 of geometry, hot not at 
he expense of the principal role of geometry as a source of 
ntultion and inspiration and as a means of interpreting and 
odcrstaudiiig algebraic expressions. 

N ?-~ rim * '^commendation is also directed to the need 
>r PrPviJi "« «"5Sli» for thought. Here I iinderstSnd, by a 
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paradox, a result which conflicts with conventional thinking, not 
a result which is self-contradictory. A consequence of an effect- 
ive mathematical education should be the inculcation of a healthy 
scepticism which protects the individual against the blandishments 
of self-serving propagandists, be they purveyors of perfumes, 
toothpastes, or politics. In this sense a consideration of 
paradoxes fully deserves to be classified as Applicable mathematics! 
Aii example of a paradox would be the. following: Students A and B«*T 
must submit to twenty tests during the school term. Up to Half 
term, student A had submitted to twelve tests and passed three, 
while student had submit ted to six tests and passed one. thus, 
for the first half of the term, A's average was superior to B's. 
In the second half of the term, A pasfsed all the remaining eight 

tests, while B passed twelve of ^he remaining fourteen, thus, for 

' /•'' 

the second half of the term, A's average was also superior to B's* 
Over the whole term, A passed eleven tests out of twenty, while B 
passed, thirteen tests out of twenty, giving B a substantially bet- ■ 
ter average than A. 

4 . / the Elementary Curriculum ■_ » 
This article (like the talk itself!) is already. 

inordinately long, thus I will permit myself to be muchNiriefer 

* -i 

with my commentary than in the discussion of the secondary curricu- ^ 

■ ' __ v ""*r« 

lum, believing that "the rationale for my recommendations will be \§ 

• • 4 

clear in the light of the preceding discussion and the reader's own "j 

experience. 1 will again organize the discussion on the basis of 

* * - •_ _ ■_ ^ri&&™j% 

the 'In' and 'but" format heginning with the 'Out 1 list. . ^ 
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Out (Elementary Level)' 

Teaching Strategies 

Just as for the secondary level. 
Ilinphnsls bit accuracy. 

2. Topics ^ 

liniphasis on hand a Igor it his. 

r-mpH.tsis oil addition, subtraction, division ami the 
order relation with fractions. , • 

Improper work with decimals. 

; * v « - 

Commoiitor y 

The remarks about teaching strategies are* if anything, 
^ even more important lit the elementary level than the secondary level 
For the damage done by the adoption of objectionable teaching 
strategics at jthc elementary level is'usually ineradicable, ami 
creates the irass phonomcnon of 'math avoidance' so conspicuous in 
.present-day society. On the other hand, one fight optimistically 
_hope that the student who has received an enlightened elementary 
mathematical education and has an understanding and an experience 
of what mathematics can and should be like may be better* able to 

t 

survive the rigors of a traditional secondary instruction If 
unfortunate enough to be called upon to do so, and realize that 
it is not the bizarre nature of mathematics itself which is respon- 
sible for Ills, or her, al icnat ion from tSe subject as taught. 

With regard to the topic's, I draw attention to the 



primacy of mttt t ipl icat ion as the fundamental arithmetical operation 
with fractions. For the notion of fraction* Is embedded in our 
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language and thus leads naturally to that of a fraction of a fraction 

The arithmetical operation which we perform to calculate, say, ^ of 

j _ __ __ <FJ 

|_we Jet ine »to be the product of the fractions concerned. .Some 



work should be done with the addition o f^t* I ementnry .fraction*, but 
only with the beginning of a fairly systematic study of elementary 
probabiiity theory should addition be given much prominence. 
Incidentally, it is worth remarking that in the latter context, we 
generally have, to add fractions which have the same denominator-- 
unless we have been conditioned By prior training mindlessly to 
reduce any *f ruction which comes into bur Hands. 

Improper work with decimals is of two kinds. First, i 
dcplorf problems of the kind 13.7 ♦ 6MI3, which invite error by 
misalignment. Decimals represent measurements; if two measurements 
are to be added, they must be in the same units, and the two 
measurements would have been made to the same degree of accuracy. 
Thus the proper problem would have been 13.70 ♦ 6.83, "and no dif- 
ficulty would have been encountered. Second, 1 deplore problems 
of the kind 16.1 x 3.7, where the intended answer is 59.57. In 
no reasonable circumstances can an answer to two places of decimals 
be justified; indeed all one can say is that the answer should be 
between S8.S8 and 60. S6. Such spurious accuracy Is mi s leading and 



counterproductive. It is prohahly encouraged by the usual 

. i 

algorithm given for multiplying decimals (in particular, for 
locating the decimal point by counting digits to the right of the 
decimal point); it would be far better to place the decimal point 
by estimation. * 
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Ajjniii, wc turn to the positive side, 
4n (iilemciiinry l.cvcij 



' • T-eatMi-Hi k S t-r-a- 1 c g i e s 

As for the secondary level . 

|:mplqymciit of confident, capable and cut luis inst ic 
rc;iclicrs. 



2. Topics 



Nijmbcrslfor count iifg and measurement - - 1 he two 
arithmetics, tf 

Division ns a mathematical model In various contexts. 



Approximation and estimation. 
Averages ahd statistics. 
Practical, informal geometry. 



Geometry and mensuration; geometry and probability 
(Monte Carlo method). 

Geometry and simple equations' and inequalities. 

Negative numbers in measurement, vector addition. 

Fractions and elementary probnbil ity . theory . 

Notion of finite algorithm and recursive definition 
( hi forma rrt-~- '. 

*- 

Comment ,1 1 £ 

Some m.-iy object to bur inclusion bT the teacher require- 
ment among the 'teaching st rategies* - -others may perhaps object to 
its omission at the secondary level 2 We Mild it appropriate, 
indeed , accessary i to include this desideratum, hot only to stress 



2B 
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how absolutely essential the good teacher Is to success at the 
elementary level, but also to Indicate our disagreement with the 
proposition, often propounded today, that it is possible, e.g. with 
computer-aided instruction, to design a 'teacher-proof* curriculum. 
The good, capable teacher can never be replaced; unfortunately, 
certain certification procedures in the United States do not 
rcfiect the prime importance of mathematical competence in the 
armoury of the good elementary teacher. 

We close with a few brief remarks on the topics listed. 
It is an extraordinary triumph of human thought that the same 
system can be used for counting and measurement- -hut the two arith- 
metics diverge in essential respects- -of course, in many problems 
both arithmetics are involved. Measurements are inherently 
imprecise, so that the arithmetic of 'measurement is the arithmetic 
• o^approximat ion. Yes, 2*2*4 in counting arithmetic; but 2 ♦ 2 ■ 
4 with a probability of j if we are dealing with measurement.* 

The separation of division from its context iS an 
appalling feature of traditional drill arithmetic. This topic has 
been discussed elsewhere (7]; here let it suffice that the sol lit ion 
* to the division problem 1000 t 12 should depend on the context of '. 
the problem arid not tlie grade of the student. 

Geometry should be a thread running through tlie 
student's cnti re mathematical eclucdt tori- -we have stressed this at 
the 'secondary level. Here we show how geometry arid graphing can 



*lf AB - 2 iris., arid BC • 2 ins., each ib the nearest inch, then 
AC - * ins. to tlie nearest inch with a prohahility of 3/4. * 
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and should be Jinked with key parts of elementary mathematics. 
We recommend plenty of experience with actual materials (e.g.. 
folding strips of paper to make regular polygons and polyhcdra), 
but very little in the why of geometric proof: Hence we recommend 
practical, informal geometry, within an integrated curriculum. 

No claim it Is easy and noturnl to introduce negative 
numbers, rind to tench the addition nnd subtraction of Integers- - 
motivation n bounds. The multiplication of negative numbers '(like 
the addition of fractions) can nnd should be postponed. 

As we have said, multiplication is the primary 
arithmetical operation on fractions. The othef operations should 
be dealt with In context- -and probability theory provides an 
excellent context for the addition of fractions. It i$, however, 
not legitimate to drag a context in to give apparent justification 
for the inclusion, already decided on, of a given topic. . 

the idea of a 'finite algorithm, and that of a recursive 
definition; are central to computer programming. Siich Ideas will 
need to be clarified in the mathematics classroom, since nowhere 
else in tjie school will the responsibility be taken. However, It 
is reasonable to hope that today's students will have become familiar 
^with t he conceptual aspects of the computer in their datly^ives-- 
unlcss commercial interests succeed in presenting the microcomputer 
•as primarily the source of arcade games. ■■" «. 

Mut* this is just one aspect of the general malaise of 
our contemporary society, and deserves a much more thorough treat- 
ment than we can give it here- It is time to rest my case. 
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I - *o— Poraonal kunlnetlone 



Ao Peter Hilton Indicated In hla addreaa two daya ago, thlo group la 

- a -1 I _ 

teetlmony to tha fact that though endangered, >mU* ia not extinct. It 

alao howavar la tee tl tony to eomethlng more proci3ue---to the feet that erne 11 
li not Incompatible with dlverelty of point of view, and mora Importantly with 
•utuel raipWct for that dlverelty. What he.^cen moot refreshing to die cover 
la that there la greater within aroufc dtvaraltw (among ea thematic lan., Mt he- 
net ice educe tor a, end echool teechare) than between euch groupe. 

i euepect that title addreaa will reveel yet enother kind of dlv.relty and 
even Incompatibility for which there Bay be .lightly lee. tolerance I namely 
inconeletenclee within the Individual; The problem (to uaa e word that will 
invite you to view whet 1 eay r.curelvely) ii that I have thought about the 
•object natter of thle talk fat a long tine; A. a natter of fict. tlia fir.t 
erticle In which my colleague, Marion Walter, end 1 ventured into the territory 
wee publiehed by David Wheeler when lie Wee editing Hothematica Teechlne . (Welter 
end Brown, 1969) Furthermore, not only have I recently publiehed en article "' 
with the aene thene in F!* (Brown, 1981), but our^ttrlnklng ii about t<} culminate 
in a book that drove tugether a decode end e half f i tworth if nleylng abound with 
tha idee of problem generation (Brown end Walter, 1983). 



•n.la paper ie a modification of en addreii delivered un . Juno 10. I«83_fpr thi . 
CanaJlan Mathcnatlca Education Study Group at the Unlvcrelty of Brttieh Columbia 
in Vancouver, Canada; wa^im. 
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oot be bore i by yet °- ™""y '_"«•- »c» t h . t , H.,. haj j „. nd 1B 

..t.bii. h i„ 8 ov. r . c 6Ba ia. r .bi. p arlod of ^ i could „ f 

nltC " t0 " lrM,,y • ,t » 611ira ««iiSi. "t.r ^iHiSiii r.f,. ctlM 

Hovver. I have a.cluoo to cry 55^ ^ „.„„„.„, a.,^- , 
reconduct for you . larg . portlon Qf <nure t . rr . lni (>ut . ^ 
- * - throu B „ a „.„ aeC of lenaaa . ^ j - occ „ lw?lly reprodufe 

;' tegorr d,8t,ncUona ,H 1 — w»i wra56S . 

tng such of what looks Ilk* »i — ■ 

"Petition fro. . „.„ .H„ u gH p.r.p. ct lv. thae ,„„ 

•"I -.v. the opport0HUy help _ m n<)t _ ._ 

.< 1 h.„. .n u a.a » iSrllar . , or tho „ of y6Q ^ >r- 
-iur -n„ -„at 1 pravloualy MrftteH , na ^ ... _ ^ 

y ' tery ' 1 re ~ nd /ou ,ocu - T n * — -•■»«. van « MJlty and 

1th th. r.lntlonshlp of . probl.. to . .ituatlon. 

11 - The Kh.torie af Pr obl«ii Solulnn 
Th ° USh U *~ " y 0r, « ,S " 1 intograt. t hl . p r „, Htitlon wlth 

H1U ° n '- U ?Ur " * ■ — « S=S. on prob,.. 

: th. .„„ „» pr.,.„t.tlo„ provl*. . Katural antraa for ^ , ftw> . 

» say* 

To b. El „, Point, out correctly that on. Uoean't mrml , aolv. prbbloi. 
th. - b .t M at; rather on. aolv.. .pacific prob.ca. polllt th . n „ t „. t _ 

' t0 " nOW "'^ ^ ■ * <" ">ln 8 a, b.for. a/na can aow. probl.S 

-that U U a .,«*. to en 8 . 8 . poopl. ,„ prob.e- .olvln, b.bavlor b.for. tb. y ' 
v. -culraa _ H. iltfiy repertolr. of hnnul.„ 8e . tS l^.lc.tlon 1. thl , t w . = 
** be b.«„ riilvla.U to fa.ill.rl,. atuu.nt. 6U fi . ailbae<>nelal aaV>1|nt of 
rhenntlc. before ue i,, B , 8 . the- ln „ UUti pHi6| — 

«« -PPaara to -no i R « , 18 Ilna arrlve „ « „ „„„ __ ^ _ _ 
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that li logical J y correct, that la, It certainly Is true that on* doouri't anlve 
problems "In general." If I ask you what problem you are tryliig to solve, and 
™yoii respond wlYh, "I'ilioTTrylng to solvs aiiy'apeciTIc problem at all. I* at 
Just .olvlng prub^cme In general ," 1 night have good reason to doubt hot that 
you Bay be a good problem wulver, but rether that you understand thi aw^ntng 
of problem aolvlng In the first place. 

But to aay that one aolves p rob Una by working on ipeclflc "tblngi," doea 
not imply that those "things" themselves era "acquired" totally Independently of 
problem aolvlng. That la, the picture titer Hilton ha a conveyed la that Che 
following are logically or temporally related fro* left to right. * 



Being filled up 
with knowledge 



problem aolvlng 



While It may be true that e "thing" (cell It knowledge if you wish) la 
needed ee e prerequisite for Solving problems, it la 1 be 1 leva a fundamental 
pedagogical error to act ii If thoii "tblngi" can ever be acquired on.ch «a an 
empty veeael can be filled up; "Coming, to knoV' anything la radically different 
from being filled up end the former ihorci iosju Important alamcnta with tha 
activity of problem solving. Whlla I will nnt be able to "prove" In whet 
follows (hit Ilia diagram above li eiientiiliy wrong, I hope to nuggeet enough 
through a combination of logical anilyiii end encouragement to join me In lntre- 
apectlon on past learning experlencei ao that one nf us can eventually find a 
careful way of accurataly depicting thi relationship. A pointing In that direc- 
tion Will furnlah the background music for much of what I will be saying. 

I find Peter lUlton'e other comment wit ft regard to problem aolvlng and tha 
curriculum more compa tibia with much of what I believe to be the esse, though 
It alao II In need of repair. Ilm comiaente that a major illff lenity with the 
present iducitloriil Interest In problem solving l* that It focusoa attention 
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et the wrong »\*ol with regard to Inquiry. flint Is, it loud* us Co focus on 

---*■%- 

^ • newer* or stiliicfoii* rather then upon questions. TliuiiRh he nay be correct in 

_____ £_ _ 

terns of existing practice, and he does enp Lure mi important truth, rho situ- 
etion In terms of tho logic and the potential practice of problem hoIvIuk In 
the curriculum requires considerably wore "unpacking" than that brief remark 
*' would nee* to warrant. Huch of what follows will lie en effort to explore the 
nature of Che interrelationship and the independence of problem solving and 
problem generating, .— - \ 

In preparation .for providing soch linkages, I would llku to dwell s little 

~~ . \"i •_■ ' •> 

.longer on problea solving per se. By the end of this section, the compelling 

need to relate the two will begin to emerge. 

A quarter of i century ego, c. P. Snow accurately pointed out how tittle 

the two cultures— roughly the sciences end the humnnl ties— have learned to 

: _ 

understand each other and tb gain from the wludom they each Have to offer. 

([Snow, 1959) 

*«*"__«__ .'the two a 30 If of mot nsl incomprehension- -some limes . , .hostility 
«Jl«A»c, but most of ell lack of un.lers tending (emerges). They have > 
- . « c "ll»M«___!l?___prtod lm*g* of onch other. _ . . . non-sc lcutists tend to 
think of oclenfiets ss brash end bo_v9tftil._. . .(They) have a rooted 
impress inn that the scientists are shhl lowly optimistic, unaware of 
t ■•?«'■ coiiJitlon, _<*»_ the ot her bind, the orient lets believe that the 
U^'rary intellectnals ere totally lacking In foresight, peculiarly • 
__>ncuiieerni>d with_ tbelr_brother neii, in a deep sense anti-intellectual, 
anxious to restrict both art and taught to the existential abmeiit. {p. 12) 

Mot only oro their problea solving styles different, but more importantly 

there are dlVfrgent views on what it mean* for something to be n problem in the 

first place, as well as what it means for something to be solved. We shall spell 

_t explicitly some of these differences later on, but fur the moment, it is worth 

serving that as a profession, mathematics education is almost by definition bound 

to thu schizophrenia state of searching for ami cruhting the ••Slloi#-crtpped ,, brld'goe; 

for mathematics la more closely aligned with the culture and world 'view of science 
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end education with that of the humanities, 

• As we search for a better understanding of what problem solving might be 
about, however we have not only neglected to build bridge*, but we have tended 
to Ignore aoat non-mathematical educational terrain that night be worth connect- 
ing in the firet place, 

r 

+ In particular, we have overlooked those educational efforts in other fields 
* which have been concerned with problem solving but have Indicated that concern, 
through a different language* Dewey's analysis of "reflective thought" and ol 
ths concept of "intelligence" would seen to offer a rich compliment to much bf 
the problem solving rhetoric. The role of doubt , surprise and habit In problem 
solving explored by Dewey would seem to compliment much of ths influential work 
of Polya, and would offer options we have not yet Incorporated in much of our 
thinking obout problesj splvlng In the curriculum. (Dewey, 1920, 1933) 

We have much to learn about the role of dialogue In p rob lea solving, something 
we In mathematics education have tended to View In pale "discovery exercise" terms 
at beat. Yet the uae and analysis of dialogue In educational aettlnga has been 
the hallmark hot only, of English education, but of several curriculum programs in'** 
other fields ss well. "Fubllc controversy" In the social studies in the lata 60> 
and early 70 , s was a central theme around which atudenta were taught hot only to N 
carry on Intelligent dialogue, but more Importantly to unearth ondT to discuss, 
controversial and sometimes lnconpatlble points of view. (Oliver and Newman. 
1970). It would enrich considerably what it la we call problem solving in 
mathematics; If we Were to entertain the possibility that for logical as well me 
pedagogical reasons, we might encourage not merely complementary, but incomj.stible 
perspectives on s problem or a series of problems. Furthermore such curriculum 
in the social studies as well a h in the newly emerging field of philosophy for 
children might enable us to help students appreciate irreconcilable differences 
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rather than to resolve or dlsaolvs the* aa we aru prone to do In matheaatlca, 
(Lipman, at a±. # 19/7) 

"Critical thinking la another "near relative*' of problem eolving that benan 
Influencing the curriculum In achooia aa far back aa tha progressive education 
era* and there la a considerable hlatory of effort! to integrate different 
disciplines through the uae of critic*! thought. (Tabe, 1950) It la i hlatory 
that ia worth imdurstniiding not only bee Auti e of Its connection with p rob lea 
eolving, but bccm.se the thene la preeently undergoing rejuvenation in the hon- 
>acientific disc ip tinea much aa problem aolving Itaa ra -emerged In a* t hornet lea 
and actence. 

In closing this section, we turn toward a one area within which the tunea 
of critical thinking have been re-lung recently— that of moral education. The 
la sues that emerge here and those Chit we develop in the next aection are part 
of the new (and not y^t welt integrated) backdrop mentioned in the first aection. 
; Flrat of nU # we might ask why critical thinking and moral education have 
been joined at all. To many people, they would aeem to occupy different poles. 
The connection hinges on our concern for tha teaching of values in a pluralistic, 
democratic Society. How do we go about Ouch education in a public school setting 
without indoctrinating with regard to a particular religion a or ethnic point of 
view? Though we rilght argue over whether or hot it ia a est of values itaa If 
and If so, why ft Is that such a collection ia more neutral than any religious 
or ethnic point of view, the liberal tradition of thinking critically about 

whatever values one adopts does provide an entree for those concerned with 

morality in a pluralistic society. 

Though tlierr art- a number of diffetent kind a of programs within which 

moral education In Knight (Llrkona, 1976), moat or thorn rely heavily upon contrived 

or natural UIU>mm;is tie a starting point. Our focus hero will be on Kohlberg's 
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program of Moral development and education. A typical d^leiMftri lie ham uaod for 

much of hie research and fur hlj deliberate program of education an wall li the - 

> _• 

liaini «iii«wnax \ 

!» ?L'f»P!i_l> www wan near death from a ruri fori* of cuncer. 
?here_ya# one drug that the doctors thought might \dva her, a 
I?™ Pl radluaj tliajt u drugglet Sj& the Same iuwii had recently 
«?|a«uyered. The druggist, was charging- $2000* ten tlrna whdt the 
drug cystMIP to make. Ilia nick woman' e Husband, lie Inn, want 
to everyone hu knew lo borrow the money, but h* could unly gat 
toaell.er, abnut half of what the drug coat. He told tjie druggist 
that hla wife wag dying and asked hlal to sell it cheaper or let 
hisj pay inter. But the drugglet eeld, ••ho.' 1 So I hi ink got 
desperate and broke lnlo the man'*, atnre to steal the drug for 
hla wife, (Kohlberg, 1976, p. <2) 

Should llelna have stolen tha drug? Baaed upon an ana ly ale of longitudinal 

caaa atudlea to nnawera or dUemmaa of thie sort, Kohlberg haa created a ache** 

of aural growth that he fetaimi la developmental. Furthermore, he lias created 

_ _ _ _ t V • 

flnt only a research, tool but an educational prngram around such dlleeataa. It 

is through dlsciiNsiiig end justifying responses to such dllemmaa that stutfsnts 

mature In their ability to find good rcaaone for the! r choices. 

If Is not Mis specific value that one chooses (e.g., vteal the drug ve* 

allow the wife to die), but the reaaotta offered for the declnion that places 

i 

people along i scale uf moral development. 

• At tha lowest level of moral Maturity, (p re-convent iona I) Kuhlburg fjnde 
that people argue primarily f run an awareneaa of punlahment nnd reward. Tliue 
eomeone at a lowest stage of development might cteley hat llelna should not ateel 
- the drug because lie would be punished by Deleft sent to jaH, or he Might data 
that lie should steal It beceuss his wife eilght pay hlia welt fur doing so. It Is 
si most as if the punishment Inheraa in the ictlun Itself, fit i later itnge 
(conventional) people ergue from the swre abstract pbripcctlve uf what la iapected 
ot you and alao from the point of view \f tha need to maintain law nnd order. 
At the highest or stage o* principled morality, one argiies on the baa la nut of 
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rules that could conceivably change but With regard for abstract principles of 
justice sad respect for the dignity of Human beings. Such principles single 
out fairness ami irt.p.irt lalUy aa part of the very definition of mnrollry. 

NOiie of these structural arguments (e.g., puntshmcnt/rewnrd, l uw and order. 
Justice) In tliemselves dictate whnt Is s correct resolution of sny dilemma. 
• Rather they form !>.irt of the Web that la used to Justify the decisions nude, 
ihd It la in listening to these res son a that Kohl berg ond his followers are 
capable of deciding upon one's level of moral development. 

Despite the fact that Kohlberg'a scheme for negotiating moral development 
neglecta to focus upon action/ it la a refreahlng counterpoint to a program of 
mors! education which conceives of its role as one of inculcating specific 
values in the absence of reason. Nevertheless, there lias been acme penetrating 
criticism of his scheme recently— a criticism which condemns much of Kohlberg'a 
work on grounds of sexism. Thot Is, Kohlberg'a research and ultimately his 
scheme for what represents s correct hierarchy. of development li bnsed upon His 
longitudinal research only with males ; Once the scheme wis crested snd the 
stages developmental ly construed. Kohl berg Interviewed feme lei and coiicludcdi 
that their; deflation from the established hierarchical scheme implied an sr rested 
form of. moral development; 1 , 

Cllllgmi (19B2) point a out that the existence of a totally different cate- 
gory scheme for men and women not only may he s consequence of different 

psychological dynamics, but rather than exhibiting n logically inferior mind 

— - - v 

let, it euggenta moral categories that ire desperately in need ,of Incorporation 

_ - - — " — - - 

«lth those already derived. Compare the following. two responses to the Heinz 
II lemma, one by Jake, on eleven-year old boy and the aecond by Amy, an eleven- 
/ear old glrT. .lake Is clear that llelnz should stein the drug* at the outset, 
ind Juatl/le* liU eliolce as follows: . 
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'°r_<"*a thing s h%»man lifs is worth aon than Money, and if the 
drygg tat makes only $1000, he la still going to Jive, but if llelnz 
doesn't steel the drug, hla wife ie going to die. {Why |s lifs 
worth ajore than noney?) Because the druggist can get a thousand 
dollars later from rich people with concur, ^ut Meln* can't get __ 
hla wife again, (why not?) Because people are oil dlf'nrent and 
ao you couldn't get llelnz'a wlfs again. (Cllllgen, 1982, p. 26) 

Amy on tha other hand equivocstss in responding to whether or not Heinz 

ahould steel the drug: 

W «H» I don't think ao. I think there alght be other way a bee Idea 
!^^_M n _s_*'jL_M k * *l_b«_couid borrow, the aoney or make a_ loan or 
aomethtng, but he really ahouldn't a teal the drugrrby t hie wife 
shouldn't die either. If ha stole "the drug, he right eeve his 
V*f* _' nc "A but if he did^ he might have to go to Jail* and then 
his wife might get sickar again, and he couldn't get aore jot the. 
«* ru 8i ,_and it s^ht not be good. So. they should really Just talk 
it out and find some other way to stake the money, (p. 28) ~ 



Notice that Jake accepts the djjemma and beglna to argue over the relation- 



ship of property to life. Amy, on the other hund, is leas Interested in property 
and focuses more on the Interpersonal dynanlca among the characters* More 



importantly. Amy refuses to accept the dilemma as It is stated, but la aeerchlng 



for some leas polarized and less of o aero sum game; 

* Kohl berg 'a interpretation of such a response woult) imply that Amy does hot 
have a mature under a tending of the nature of the moral issue involved- 1 — that ehs 
neglects to appreciate that this hypothetical caaa la attempting to teet tne a ens a 
in which the subject appreciates that In a moral scheme life trkee precedence 
over property. Cilllgnn oil the other hind In analysing a large number of such 
responses has concluded not that the feme lea ere arreated in their ability to 
move through his developmental Scheme, but that they tend to abide by a ay at em 
which is orthogonal to that developed by Kohl berg — a ayaten within which the 



concepts of caring and responsibility rather than Justice and righta ripen over 



time. 



Cflllgan (1982) comments with regard to Amy's response: 





- 38 - 

Her world 1. . world of ral.tlon.hlp* and p.ychologlc.l truth, 
wh.re an awarenea. of th. connection ootvoan paopU giv.. 
to a recognition of ra.pon.lbllity for bo. anoThar. a parcaptlon 
of the „eed for re.pon... ^Seen In thll light, har under.tf ndlna 
of aorollty a. arlalng fro. tb. r.cbgnltlln of riiationahlp 
. bar belief In co«u,„lc.tlp„ .. th. Hd. of confltri"reaoiu Ion 
and her convict on that the aolutioh'bf th. dlle^wi" .oU^ 

[;~^t;,r c e o : p ip: n s 0 r pr " ,,nt ' t,oh ,Ma ,ir rr - ^ * «^ 

The difference between a "Kohlb.rglan" .Hd i "CUllgnnl.h" conception of 
-Kitty li well ciptirid by two different Hull r..,.o».e. to the',....tlon. 
"«h«f doe. morality Sa„ td youT". (Lyon,. ,983) * «,„ Interview^ co^nt., 
Morality la u b.,lc.ll, having 1 raiaon tor doing what', right, what 
S'cSSii "« P"t in i „tu.tlon vhef. Jou^av. 

ih.^ i" T -«9b9|«t -Iternltlvei, being .bie to recognl.e when 

'" nn !" ue of "bbght" at „tai. and when th.r. 1. ™t* «,* 
th.n. . .h.vlng .ome rewon for chooiing .Song alternative. I™ 125) 

A womnn Interviewed on. the i M que at ton coMwnt.t. 

Morality la a type of cbnacibuinaal, I .,.„ , a.n.itlvltv to 
•humanity that you ca.L sf feet jbieoni ifii'i liH? 52 2n Sf.«f 
your own I t, .„ d yob hnvS the ra.pon.lbllity not lo end.™.' * 
other people'. Ilv *. or to hurt other peopl.. S. »r.li!» !i * 
coaplea. Morality 1. re.U.lng that there I. a play between i.lf 

for both of the*. Iff ibrt of a con.clou.nea. of your tnflienci 
over what*, going on .(p. 125) iniiuenc. 

Mill. Cllllg^and her alibclatea do not claim that dev.lop.cnt 11 iiS 
bound In auch a way that q.i two iy.teii „. tightly partitioned according to 
gender, they do clnl. to hove located a .ch.m. that tend, to b. ...oclat.d -or. 
readily with a female Vhan S Sal. vole.. Behind the fe..le vbice ef re.pop.i- 
bfllty .nd caring. ao»e of the following ch.racterl.tlc. appear |« « to lurf.ci, 
1. A context hnundedne»B, * 

I' A ™!ln 'C^i!"" t0 -^P^ Principle- to be ut.d In future caaei. 
3. A concern with connectedne.a aw>ng people. 

Though „„t alt bf thtae characterl.t tea are exhibited In Amy*, re.pon... 
they do appear ,„ Interview, with mature wo »en. d,.,taat bounded.,,.- repre.ent. 
I Plea for «.„«• Information that take, the fun. not „„ly of repeating more 
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details <a»S*> what la the reletlonehip between hueband and wife*) but of 
aaarchlng for a way of locating the epleode within a broader context. ' Time 
unlike asn, metute woMN sight tend to respond not by trying to resolve tha 
dilemma, but by exhibiting a senee of indignation that auch a a it, wit ion aa the 
Halns dllcmiu night arlii In th. firet piece. Such a reaponse .ight take the 
following ferns The queatlon you should be aaklng me 1. *what era tha horren- 
doua circonitancei that caused bur society to evolve in . U ch a way that dllenmai 
of thla aort could even irlae^thet P eopU have learned to ulecoe-unlcete eo 
poorly 9 ? M 

Tha aecond cherecterlatic I have leoleted ebove. 1* an effort to it tenet 
to understand iich eltuatlon in a fresh light, rather than In a legelleUc 
vay~i... f In tarii of already eetabli.hed precedent. Connected with context 
(Handedness It 1. th. desire to .aa the fullness of ^his" .ltuatioo in ordir 
to eee how it Bight be different fW fand thue require new ineight) ret her t*han 
co«patlb,le with one that hoe already bean eettled. 1 

With regard to the third characteristic, conflict li lee. • lbgicil pusele 
tb bi (reeolved but rather an indication of nii unfortunate f recture in hunan 
ralatibbbhipi-aoetethlng to be -mended- rather than an invitation for aoeie 
Judgement. 

In the next eectlon wo turn toward! e cone Ide rat ion, in a rather global 
Vey, of how It le that a Cllllganleh perspective of Morality .ight luplnge on 
thb etudy of eaitiieuatlce. While we he v. not yet drawn any explicit llnke. 
it le not difficult to Intuit not oiily that It threatene the statue quo but 
that it eete a poeelble foundation for the relationship of proble. gen.retion 
to proble. eolving. Though we shall ileum upon thb find Inge from the field r 
of morel education, we do not wish to loan eight of none of the other hunanlatlc 
of area, of curriculum f ro « which matheemlci education might derive enlif>tefWnti 
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Some of wh.it wrt have alluded to earlier in this nee t ion will fori the background 
Music for what follows: ~ . ' 

111 - Kohl he rg vs. Cllllgant The TrniisUIon fmm Solving to >oa jnR 
It surely appears that problen solving In Mtliesuitlca educail^i haa been 

dominated by a Kohibergian rather than a CiUlgarilah one. Cllll gather self 

1 . , / . 

haa an intuition for such s proposition, when she coments with regard to 

Jsks's response to the Heinr dllcoau: ^ ~ 

Fascinated by t lie power of logic, this eleven-year old boy locates 
truth In math, which ho says is "the on ly thing that is totally 
logical. ' Considering the Moral dilemma to be "sortJbf like a 
wath problem with huaaris," lie sets it up 11 an equation and 
proceeds to work out the solution. Since his solution is 
rationally derived, he ssauswa that anyone following reason would 
arrive at the •owe conclualon and thus thst s Judge would conaider 
stealing to be the right thing for te Ins to do. (pT 26,7) 



The set of problems to be solved aa well fa the sxIoms and definitions 



to be woven iiith proofs ara part at "thriven"-- the taken-f or-grrtrtted real! 
upon which students are to ope rets*. It la not only that the curricula* is "de-peopled* 
In that contexts nnd conccpta are for the most part presented alilejtoricaliy and 
unprobWrtically, but as it is presently constituted the* curriculum of fera no 
encouragement for students to in a raapectable wsy aov^ , beyond merely accepting 
the non-purposeful tasks. 

Furthermore, rather than being encouraged to try to capture what Say be 
wiflqo ailtJ nr-'siate.i to prcvloua established precedent in s given mathematical 
activity (the legalistic sode of thought we referred to aa the second charscter- 
- title behind ClllJgan's analyala of aorsllty as responsibility arid caring), ? 
much of the curriculum is presented is sn H unfoldlng H so that oris is "supposed 1 * 
to sse siaillnrity rather than difference with post experience. It ia ciweaonplace 
surely in word problems to toll people to ianoro rather than to emboli lah 
■otters of detail on the ground that on. isj£ter the underlying structure and 
not the "nolnc** that inheres in the problem. 
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Zii ao focyalng oil .aaentlal isomorphic^ feet urea of structures, the 
curriculum tend, hot only to threaten a Cllllganleh perspective, but li « 

i-portantly. it supports^ only one hair of what I perceive much or mathematics 

- - — _ _ _ ' • 

to be about; That ia mathematics not only i a, a search for what ii essentially 

common among ostensibly different .tructuree, but la aa much an effort to> 
reveal essential differences among structures that appear to be similar. 
(See Brown, 1982a) > > 

With regard to context boundedneaa, there la eaaentially no curri-ulum 
that would encourage students to explicitly ask questions like: : 

P ur PO»«_ii served by siy solving this problem or this 
set of problensT • 

•Why am 1 being asked to engage in this activity as this timer 

— — -Whet «■ 1 finding out^sbowt, »y self and ojthers as a result of 
participating in thla taakT "* — ^ 

•flow i« the relationship of ,mat hematics to aoclety and culture 
illuminated by aiy studying how 1 or other people in the history 
of the discipline have viewed this phenomenon? - 

Elsewhere (Brown 1973, 1982) I have dlicitssed how I first began to inCor- ' 

porate auch reflection as part of sly own mathematica teaching, and 1 a ha 11 have 

other illustrations of so doing in this paper, there ire a number of aerioua 

questions that wist be thought through, however, before one feela comfortsble 

^in outraging the generation and reflection of the kinds of questions indicated 

above: We need to be asking ourselves whether or hot that kind of reflection "* 

represents respectable mathematical thinking, th addition we ought to be 

concerned about the ability of atucfenta to handle that thinking in their early 

atagea of mathematical development. 

- - - I . * *- 

It la interesting to observe that though the wedge is bolng provided to * 
Integrate mat hematic, with other Heidi, the "real world" application, seem to 
be narrowly defined in terms of the scientific rsth.r than the humanistic 
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disciplines. In particular questions of value or ethics are essentially non- 
existent. TJiat is particularly surprising In light of the fact thet s major 
rationale for relating mathematics to other fields seema to ba that auch 
activity may enable students to better Solve "real world" problems that they 

encounter on their own. I know -of essentially no •'rail world" problems that 

one decides to engage in for which there li hot embedded aome value Implications. 
McCinty and Mcyeraon (1980) Suggest ibne steps one might want to take to 

develop curriculum for which value judgementa are an explicit component. They 

begin with s p ruble, llks the following! 

Suppose s bag of grass seed covers 400 aa.ua re feet. Ilow many baga 
would be needed to uniformly cover 1850 squsre rest? (p. 501) 

So far so dull. It la not only' that for many students the sbovc would 

not constitute s problem (In the sense of an awe ring the quae t Ion), but more 

Importantly It lacks any reisohible conception of context boitiidedneaa. The 

authors, however, go on to suggeet inquiry that la more *real world iah M than 

most Of the word problems students encounter, they aakt • 

Should the peraon buy 5 baga and aave the leftover— figuring prices 
will rise next year? Buy 5 baga an2 spread it thicker? Buy 4 bails 
and spread it thinner? (p. 502) 

- - ' _ J" * _ 

^ Once we beenme aware of ethical/value questions aa a central component of 

decision making, ft is clear that there is .much more we might do In the way of 

generating problems for students aa well aa encouraging them to do so on their 

own. One of the au cournnt cutriculum arena la probability and atatlstica. . 

As a profession, we correctly appreciate that we need to do more to prepare 

students i- rb operate in an uncertain world, wherein one's fete is not sown with 

the £ind of exactitude that much of the earlier curriculum has implied. In 

creating auch a curriculum, however, we continue to give the raise Illusion that 

mathematical competence i« «ii that la required to decide wlaely. Compare any 

probability problem (selected at random of courae) from any curriculum In • 
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mathaaatica with Che following probability problem ' 

■ — 

A cloiic relative of youra haa been hit by an automobile, lie has 
' baen unconec I ou» for one month. The doc tore have told you that 
unlesa be la opera tad upon, he will live but remain a vegetable 
:fpr_Ab« reat of lila lifak Tlw»y can porfdri an operation Which, 
lf_i»cceasf_uli would restore hit conaclouaneaa. They have deter* 
■Ined, however t that the probability of tting eucccaafuj* la .05, ' 
and If they fall In their effort to r as tor a conaclousnaaa. he 
will certainly 41 a. ' - 

What counael would jfou give the doctors 7 One could claarly embed t ha above 
probioa In a mora challanging mathematical aattlog. Tor axaiapla, aettlng up the 
condltlona that would hava enablad one to arrive it the, .05 probability (or 



pcrhapa modifying it oo that out ir Uilti ire ait oh tiia probability of aur- 
vival) but nevertheless, it le Such* ethical quoit lone in many diffarent foriaa 
that plague nost Hhlnklhg people ie they go through life making; decielone. . ' 

le euch problem generation on the part of the taachar or etudent on ingred- 
ient of mathematical thought? I do hot think the an awe r le clear, There le nothing 
god-given and written in etohe that eeteblieheo what .ie and le not part of the 
domain of mathematlce, and clearly whit hai constituted legitimate thinking in 
the' discipline hai changed conn lder ably over time, I an not familiar enough with 
the ioclology of knowledge to know what kinda of forcea other than logical ohei 
hive been reipohilbla for driving people to reconceptuailse the dllctpllhe of 
matbemotlce s but even if queitibna of thi kind, we have been raising in this Section 

Would move ui in direct lone that era at oddj with the dominant and. reapec table 

- « _ • . 

Bode of mathematical thought, it ie worth Appreciating thnt ae educator a we have 

a reipohiibiiity to future cltlzena that trshscenda our paaaf ng along only mathe- 
matical thought. The latter appaara to me to be a very natron view of what it 
•mane to educete. to reelixing ^hot only a very small norcentog^ of our itudonti 
will be na'theuticlana, we have not adequately explored out obligation to thoea 
Who will hot expand the field per ae . We hava nlotakeiily identified our took 
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In which Mathematics la embedded lit a web of concerns that sre more "real world** 
oriented tlmn any of us have begun to imagine. 



children con Indeed function se is thenati dene (as opposed to exhibiting routine 
Isitntive skill*), David Whceior (1982) looks towards exceptional esses of ° ma the- 
nsticsl precocity. He co&rantst 

I don't see children however exceptional function es historians, or 

extremely cootplox functioning*! that involve subtle relationship* 

i s l c ) °? v 5^«A_f f^«_of_reCerettce. fcit I wouM hypothealxe 
^"^."'^^^■.^iontf-^Ib «rt. nusic, writing end possibly • 
■? lc,,ce t ._»■_?"• ?* o clsss of act ivltles that require only a -~. 
P™A\ Cil i** kind I of reaponss to be node by an individual to hts 
Inmedtatc, direct experience. <p. 45) 

While 1 would cer|oinly not wish to pit »At hepatization, as Wheeler describes 

^fV *«°* nfc1t » tn * *iw~dJ«M sysbol pushing that represents Its polar opposite, 1 

believe that ss cdmtaturs we are obligated to push the bounds of explicating 

that discipline in on effort to engage the Minds of etudente In directions that 

define their humanity. . ■-' 



How do we d cocend f ro w the height e and perhape the overlnflsted language 




IV - Down FroM X Crescendo 




The confrontation between Kohlberg and Cllligan has ssrvsd two purpoeee that 
appear on the surface to be very different. First of all, we Have ussd the 



chsllenga of Gitlignn'a research to point but that there Is. s world view that 
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haa achieved enplrlcal axpreaalon with regard to laauea 61 Morality but which 

im worth Caking eeriouely . In other domslns ■■ veil. Moving beneath the concept* t'- 

of caring and responsibility established by Gllltgsn, we find dlmanalona that 

- i , . 

are not strictly sural In character bat which deal with purpose , situation 

specificity (s non -legalistic node) and people connectedneaa. Ifo hsva auggeated | 

that very little of the existing mathemstlcs curriculuai esters to those character-^ 

istlcs, and In feet the dominant Mode cetera to their opposite. * 

Secondly t we have not only used Ci 111 fan in con treat to Kbitlberg to establish | 

1 — _ . — _ .■ ' - • 

broad categoriee within which the present curriculum is deficient, but we hsve ';. "3 

pointed out that wliet the two peripectlvei hive in coe-aon— namely a concern with ^ 

morality— represents s field of Inquiry that may be a a important to Integrate 

with mathematical thinking am ire the more atendard disciplines, thst form the 

backbone of more conventional ippllcatloni. ' ^ 4 

- -- a> }-i 

Both of these perspectives have potentially revolutionary implications. They % 

not only suggest the need for both teacher end atudent to incorporate e more ""'A 
- - _ i_ . __v j. a V 1 

serious problem generating perspective (including the broad types of questions ^ 

raised st the beginning of the prevloui section) aa on eesentlel Ingredient of 
problem solving, but they have the potential to infect every aspect of mathematics 
education from drill and practice, to an understanding of underlying mathematical 
strucu^aL^--^ jp 

Our goal for the remainder of this paper will be the more modest one of making 
s» case for the Indue ion of problem generating Ju rotates ^ 

1 will for (tie moat part be drawing upon and integrating ideas that I have pre*. mil 
ly developed* While I will make minimal explicit reference to the ClUlgan per- 
spective; I believe it la possible to view much* of wltnt follows ss being derived 
from whit I have referred to lis the underlying components of caring and being' 
responsible. The Joining of llnke explicitly in other mathematics education a real ; 
is i. talk to be left for another time (and perhaps another person); 
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V * Our Knee-Jerk Sol v Ion Men fit t y 
Any field of Inquiry eeteblleheo • common language Mont its Invest 1 gator*. 
The sane kind of phenomenon ti exhibited easing friends, lovafcs and M «btri of a 
faolly. It la frequently poiilble to determine tha extant to which you ara In 
fact an "outsider" by tha degree to which you are Incapable of understanding 
the short-circuiting of language aaaih* participants* There ia certainly good 
reaaon for nenbera of an "in^group" to engage In a u ch abort-circuiting behavior. 
In addition to Merely lncreealng efficiency of coeattmj cat ion. there ara Important 
psychological and aoclologlcal bonde eetabllahed through auch behavior. 

Hever theleii, we somctlnea pay a price for tha coaaaon language we, eatabllah. 
That la, in focuatng on coieaon undera landing, we not only leave out Other per- 
spectives, but ve alay be unawaVe of what we ara leaving out. The apecielixatlon 
that. result i frbel auch behavior not only nay leave ua unaware of what we have 
left out v but worac than that, we nay even'loee our ability to incorporate thoaa 
awarenesses within our world view a van when they are pointed out to ui. 

As educators, it ia worth taking atoek' every ao often to exanl he explicitly 
what we are leaving out in the coaaaon language we ere earabllahing with our 
itudeiita. Such ah lhataiice occurred e number of years ago at which point Marlon 

MS _ 

Walter and 1 were teen teaching e couree on p rob lea) solving. We were doing work 
In number theory, and were hoping to derive a formula to generate primitive 

Pythagorean triplets. We began the lea son by aekingt 

* . _ _ _ ' _ *i. 

. - : * ~«F~y*~~«"~g*7 InSaTara* ao*e answer e7~~ " ~~ 7 



Reaponsea began to flow, and at talent a responded, wi thi 

3. 5 - 

3. 12. 13 V 
After .i while, a an He broke out on the face of' a student who gave uai 
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A few Kire "courageous" and huftoroue responses than vara suggested tlkef 

-1, -I, {u % * ' ■ 

Ha r Ion mid I than jokingly reprimanded the ^deviants," and proceeded to 
explore what wo w*re about in the firat place— -a search for a generating formula. 
After class, however/ we began to talk to each other about the incident. It *' 
hit lis very hard that the "devianta" were beginning* to appreciate >o»e thing that 
has occupied a considerable part our collective energy for the paat fifteen 
years; • 

Whet struck ui was that: 

■ *■ 

_2 2- 2 - 

« + y - E . What are sosie answers? 

has i kind of foolishness about it that derives from the closed position of a 

• *__ " _ _ " ' *_ _ 

coenon language with lta unspoken hut built In sssuapt ions. Notice that ^ 

_2 -2 V - 2 * 

x ♦ y - R ia hot even e question. m How can one cose up with answers? 

fit the atudenta dutifully did coma up with annwera 9 because they carried 

along a host of ss tump t ions that we in feet have trained (implicitly) them to accept. 

_ Li _ 

ThcyVaeeuaed (et leoet at the beginning) that the symbolism had connoted that tha 

domain wee natural numbers. Further mors they eesumed that the symbolism was 

calling for some thing algebraic} and within that context they assisted that we were 

searching for Instances that would stake en open sentence true; ' 

Ae soon aa wo began to appreciate that "the devianta" had beguti to appreciate 
something wc lied not seen, we realised that there was a whole new ball gaate et 
etnke. We had not realised at the tine, that in expanding this concept 'for Nile 
class, wa were opening Pandora' a Dux* 

In realising that wa had implicitly assumed that the domain was natural 
numbere, wa encouraged etudenta to ask Such new questions isz 

Kor what rational numbers t, y, ft is It true that x 2 + y 2 m g 2 ? 
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Realizing time we liad impli S itly oiiiuiKl that wo wire acarchlng for true 
instances of the dpen sentence, we encouraged students to auk such new questions 
sst . ■ 

For what natural number* Is It- true that x* + y* - SS* u "almost" 
true? (e.g., 4. 7, 8 misses the equality by 1). 

Realizing that we had Implicitly assumed that cite question was algebraic, 
the students began to nak I host of geometric questions that derived fro* connota- 
tions of the algebraic fori). > 

________ _ 

What followed immedietely wss one of the moat intellectually stimulating unit a 
that either or us had previously experienced with our students, and what dawned 
eventually on all 61 us was something that has had a lasting affect, 

• First of ail, ve began to appreciate that such deviations from etendSrd cur- 
riculum arc hot mere frilli. that is, in exploring such questions as the Vlmoit" 
primitive Pythagorean triplet question, all of us gained s much clearer under* 

if and! hg uf what 'the actual primitive Pythagorean triplet question Was In fact 

_ _ ■ ' V _ 

about— not only from the point of view of statement but of proof ii well. 

Secondly, and more importantly, we began to realize tlwt an Implicit part 

pi the common language, we share with atudciita la one Which focuses upon and points 

ib. strongly towards the search for solutions and answers, that we continue to 

search for answers even when no question is asked at all! Wi were thus launched 

on our journey to try to understand the role of problem generation is ths doing 

-__ " _ «• 

of mathematics. 

< VI - Posing and Deposing t A First Step 

I am beginning to -p^rocJate an Important aspect of what la behind an under- 

standing of the role of posing problems that 1 have not deen before, despite 

the fact chat I have referred In much of my writing to examp lea' within which this 

laauc ia em.. dried. r For a number of years, educators have appreciated that there 
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might be conalderabla value In giving students not problem to solve but 
situations to investigate. HI gg in eon (1973), for example, locates a number of 

- c * 

characteristics of what ha refera to as "potentially rich altuationa." * 
Situations are much "looser" than problems, and situations thumaelvea do hot > 

_. _ _■ . v ' :■ 

esk built-in questions. It Is the job of the student to create a question or 
pose m- problem. Ccoboarda, Cuisensire Roda t polyominole are all examples of 
mituatlons, but situations need not be concrete materials; they can be abat Tac- 
tion a as well. 

What I have recently (in K preperlng~for this talk) began to appreciate la 
that the pedagogical laaue la much deeper ihd More Interceding than that, of 
| / creating rich aituationa to ioveatlgata. The laaue is even lore complicate*! 

than providing both mechanisms and en atmoephere within, vhteli problems sight t*e 
isolated froa situations. Rather the pedagogical task Is one of enabling all of 4 
" to «Ppreciat« the differences between a problem and i iituatibn, ihd of finding^ 

way a to move from one to the other* 
* The task of Bo moving li neither mechanical nor easy, that it aometlmea \.% 

takes • very Jong time to appreciate that a situation imp Ilea a problem is | 

■ L ,h 

something that moat parenta experience through much of their child rearing. That^ 

problems can be neutralized {or de-posed as the title of this section playfully * 

-- „- - _ \- _ ■ __ 2 - M 

suggests) is something that may be equally difficult to appreciate, those of us ■•M 

- _' -- ■ _ _ _ _ _ _ _ _i ■?& 

who realize that we have been asking the wrong questions realise Implicitly 

> 

the need to move from a problem to a alt notion before re-posing «the problem. < 

Consider the example of a "female response" to the Jielhc dilemma which 

isierts with indignation that. the problem is not one of stealing or not stealing 

the drug, but rather one of figuring out how ws even evolved us a society such 

that such choices would have to be mads (and one of figuring out how to recotf- 

Itruct society)^ Here is a clear cuae of first neutralising a problem before 
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re-posing It. It was necssssry to dslete thi question r (Sbould Melnz stssjjfhe 

drug?) before moving toward* a rs -posing of the problsm. 

<»_ 

It la not only that there li value In having students actually move in 
both directions— fro* situation, to posing and from poalng to de-poo lng--but It 
la also worth designing curriculum which exhibits the difflcultiea people had 
In Baking auch movss oh their own in the history of the discipline. We have the 
potential to learn a great deal about the relationship of a dlaclpllne to the 
culture frum which It emerge a aa we atudy those problems that could not ba 
perceived aa slt ustlon a. " 

Ait obvious example In the hlatory of mathematics la that of efforts ovar 
aevernl centuries to try to prove the parallel postulate. Con alder the following 
formulation of the question: 

lluycao you prove the parallel postulate f rob the other postulates 
Of Euclidean geometry? 

We know how that a great deal of the history of mathematics was written ss 
nineteenth century mathematicians began to appreciate that the difficulty In 
solving the problem wa* that a wrong question waa being ^ posed. l n aome Implicit 
sense, Lobac hevsky and hi s\ colleagues at the time had In fact to "neutralise** 
the problem enough first toHt clearly at the altuatlon from which it derived 
<the post. antes of Euclidean geoeWv) and then to reformulate the question so 
aa to delete the deceptively innocoA word^How" in the posing of the problem. 

The need to ro-pnse a pcob lom by first nsutralUlng it is "not only revsslsd 
throu^h^iiotrnted efforts at aolvlng problems, but is „ n aesthetic Issue as 
-^M*n> and art Issue that Is worth incorporating explicitly ln curriculum within 
which the r:i 1 1 Igaiiisii concept of context boiindcdncas la taken serluus^y. Con- 
sider the case of efforts to prove the four color cunjectitre — roughly that for 
any -convention.) 1 map, fo.ir Is s sufficient number of colors to establish and 
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to appropriately demarcate boundaries. Until recently the pruhlem was "merely" 
to pruva or disprove that conjecture. Only after a cumputer proof was produced 
which featured a very largo number of special caeca did mathematicians begin 
to realize that they hud not adequately puscd the problem. FeeltuR that a 
computer proof waa blind to underlying atructura and In fact illuminated very 
little of "the mathematical eaeence" of tha problem, many muthematlclaiia realised 
the need to atatc the problea) In auch e way that "ugly" proofs would not count 
aa solutions. ' 

Such re-poeJug of the four* Color problem fsVcrila something hot only about 
the praeenr attitude of many mathematicians with regard to the coaputer, but 
juat aa Importantly, It uricirthi some fundamental eplsteetologlcel Issues— issues 
that mora clearly locate knowledge wlrhin en aesthetic realm. 

From i pedagogical point of view. It is particularly enlightening to engage 
students In i discussion of the relationship of a el tuition to i problem. I 
hive i modeet axampJc. Several year a ego my eon, Jordan, coae to me to tall me 
that he did hot understand the "ambiguoua caae" In trigonometry. I.e., those 
circumstances under which a triangle Is date rained by an angle, another angle and 
s alda hot included between the anglea. 

t began sty dlecusslun with him by asking him to recall how in geometry, he 
hed investigated those condltlone under which e triangle was determined. Jc^Jjo^ 
looked very puzzled and told me that 1 was mlataken; they had never lnveati gated 
the determination of e triangle. Instead they, had proven things about two 
triangles belng^ congruent If A.S.A. ■ £gS.A. end so forth. 

What was taking place here le very Interacting from the point uf view of 
relating s problem to e situation. Jordan had In fact viewed an entire unit of 
work more aa a sit ua t io n , while 1 liad viewed it aa*a problem . That la, though 
ha hod an arsenal of congruence theorems, at his disposal to respond to nny 



56 



- 52 - 

re.|ucst> to prove two trlaui'lcs congruent j lie did not see thin ammunition as 

providing answers to what 1 saw tn be the fundamental problem of discovering 

_ _ __ _ _ _ _ _.. * 

those conditions under which « triangle is determined. As 1 reviewed his 

text, 1 understood why lie snw a situation In what t saw to be a problem. The 
book had In fact never dlst IlignJshed between an underlying problem (determining 
• triangle) and a collection of ^exercises to give one experience in humlling 
a problem that bad been solved by the famous congruence theorem. In fact, the 
practice exercises Had become the fundamental concept— a phenomenon I am 
beginning to believe li more widespread than I had thought, and a -consequence 
most likely of the essentially plagiarlstlc spirit that governs text book writing 

The Interesting irony In this esse is that the difference between my per- 
ception and Jordan's regarding what those congruence theorems were all about, 
was hot rcvcnl«d in Jordan's performance in geometry ax all. One can frequently 
accurately answer questions and even solve difficult problems without seeing 
the context within which thnse problems are embedded. 

Thus, It would seem to be a very wise pedagogical ploy to move not only 
from situation to probienf and back for topics that are relatively small (e.g., 
fc de-pose a theorem such as "the base angles of an lanaceles triangle ere con- 
gruent}, hut to do so for entire units as well. Teachers as well as students 
• would find it enlightening to discover the areas of agreement nud divergence 
of opinion rer.ardlng the problem/situation status of a unit or perhaps even of 
a course. 

In closing this section, I would like to commcnr on sn Interesting potential 
difficulty relating situation to problem that Peter Hilton alluded tn In his 
talk, lie mentioned that proper selection of problems is critical In designing 
curriculum fur uuc does not want to give problems to atudents that they are not 
prepared to handle. His comment appears on the surface to be a threat to the 
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activity of posing and de-noslng problems, that la, what happena if in the 
craation of a problem from a situation, a student do fine a a problem that va 
know ia beyond hia/her ability to handle? 

there are some interesting aasumptlona embedded In the- above question. 
First of all, It is not necosssrlly the caae that atudenta need to try to solve 
problems they pose. The activity of posing ltaelf in the absence of effort* 
to aolve may be Illuminating both to atudenta and teachers. In a aanse we find 

" . . . _ . " 

out aa much of value about ouraelves by attending to the kinds of questions va 
ssk mm we do by the aolutlons we attempt. 

Secondly, If we think of an entire class ss a unit, for the kinda of 
actlvltlea auggeated In thla aectlon, It Is not necessarily the case that the 
aame person who poses s problem need bo obligated to try to aolva It; In fact 
wa may discover the potential for unexpected collaboration among thoae who pose 
and those who attempt solutions. We do nut know very much at all about the 
relationship of the tslent of posing and solving; but It per hops li worth taking 
a clue from the work of Cetzels and Jackson (1961) lit which they find renaon 
to conclude that beyond a certain point, intelligence and creativity may not be 
aa cloaely related aa one might suppose. 

Hut there is another consideration that cuta deeper than those we have 

mentioned so far; That la, what does Hilton Imply students are expected to do 

who are prematurely challenged? It appears that they may ba Incapable of aolvlng, .,? 

problems that either we (as teachers) or they pose. Such on expectation may be ,| 

a short-sighted one from ah, educational point of view however. Along with bur :; $ 
- - - - - - - . 

newly discovered appreciation for the role of approximation and estimation, /% 

ought to come an appreciation for partial solutions aa a respectable activity. | 

We heed hot necessarily expect i complete solution for every problem Invest lgnted. | 

In addition, I am hot clear on what It Is that Is lost it students attempt to ~M 

Solve a problem rind cannot even comb tip with partial solutions. Suppose they 
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cannot even Identify or leolete Immi that might help them along the way. I " 
can imagine a great deal of valuable personal and intellectual insight that " 
Might emerge through a diacuaeion of what may account for inability of students 
at a particular point in time to uki headway in Solving particular prnbleaie. 
A teacher who keeps an ear; to the ground night possibly even leern acmethlng 
of the students conception of the subject natter, proof, mathematics and the 
relationship of mathematics to culture by llatenlng carefully to what count a 
aa a reason for failure to make headway; 

v11 ~ The Act of Poainai Logic and reiiag o g y 
In relating problem posing to the creation of iitustions, we have ~, beneath 
the surface bumped up against the relet Ibnihip of problem posing to problem 
eolving. After all, it wo a due to eh Inability to aolve tha parallel postulate 
problem th.it a situation was revealed which was in need 'of reformulation. Proble 
generation and problem solving are intimately connected, however, even when 
v . things do not go awryi Bo low we discuss their intimate logical connection. In 
the two sub sect Ions that follow the one below we shsll look more closely at * ' 
pedagogical strategies for engaging in problem nosing— oils mild and the ocSier 
radical. Much of what i will be analysing in thia aectlon has appeared in 
disparate sources, and 1 view the task here ss one primarily of consolidating 
that mhterial. Ebr thnt rsoson thia ecctlun will be briefer than the others 
(thank Cod!) and the rcadcr'e attention will be drawn to relevant references 
for expansion of the points alluded to. 

l ogical Connect l on a With Solving: Being Gracious and Accepting, 
" Consider the follnwlng two problems t 

VI A I J y nn «l 'rain. 15 kaj,_ apart , The train t rave le towards 

rate of 3 k»/hr. The fly travels towards the train 
at ■ r a '« ?f Z_km/hr. After hitting tho train, it head* hack 
_*° starting point. After hitting the Starting point, it 
9 nce ^ r ? ?«eaJ»_bnck toward the train until they meet. The - 
process continues. What is the totnl distance this fly travels? 
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(2) <?iven two eqi,i later lal triersilee, find the wide nf a third bum 
whose ereo In equal to (hat of tha aum of the other two. 

The flret problem reveal e In a dramatic Way something that la true but 

laaa obvloua In tha aolutloii of any problem. If you have nor seen thin problem 

ore* lat It alt for awhile, nr psrhepi share It with o/ f ifrth 'grader. If the 

-f .id la blowir- properly, you will com upon an lnelght that will moat likely 

jar anu lnaplra you. Without giving tha bill game away completely, let me auggeat 

that an Insightful and non-technical aolutloii depend* upon your asking a que at ion 

that ha a not bean asked In the problem et all. Though there era many different 

waya of aeking the queetlon aa well ae many quaetlone to eek, something ilka 

ths following will muat likely ba revaellngt 

What do I notice if I focus hot on tha fly aa requested* but on 
the trslh Instead? 

- : ' • J 

Whet Is nssdsd In the solution of this problem is some effort at poalng a 

new problem within the context of accepting and trying to eolve a given problem. 
Whether or hot euch problem poalng la atwe'y e needed in the aolution of a problem 
li an Interesting end debatable qu Uibh. !l believe that auctt problem generation 
la a 1 way a heeded , but I el so believe that the enalyele of the aaaertlon vary much 
hinge a on how It la that one definee a problem in the flrat place. (See Brown,, 
19Bli; Brown and Walter, 1983 for additional discussion of this point) 

The aecnnd problem reveal a another liteieetlng Intimate connection between 
rrobUm solving and problem generating. T^a aolution depend* (an illustration 
of what we have eeld abnve j upon how it iej that tha prnhlem Itaelf la re-deflned. 
If, however, you eesnme that a idee and their lqngtha can be diatlngulahed from 
eech tfther (eomethlng that la not nacaaanry In. the aolution of the problem), 
then if tha length* of tha aldea of tha first two trlonglee are a and b respective- 
ly, we can pr ove witho ut too much fanfare that the} length of the third aide c 
la equal to ^/a^+ b*"7 ' 
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Now in one sense we havi solvsd tho original problem. In another aenec, 

howe ver, we have only begun to solve it. Host people who com upon the solution 

JT" T • 

c -fi + b ore taken aback. The point in that it -smell* is ir iliii Is an interest- 
ing and ..nexpertrd connection (as a natter of fact one which how enables one to- 
solve r.U* prob I r» without aaeociating the aides with their lengths), the'-fact , 1 
that the relationship is s Pythagorean one, indlcatesphat we can find *t he third 
aide am suggcated below: - ' j 




mnlhrm.iticiona who have not seen this problem before find themselves 
headed in an almost compulsive sesrch for what la happening. They are driven by 
variation of the question: J 
J_l t,,,, w «l rr avsre ..■ddltiVf for the squares on the aides of a right 



triannju, but whjr are they additive for equilateral triangles as 

we 1 1 . "' i 

What this example illustrates very nicely'** that a proof nr a solution ir 



itself does not always reveal whjr things operate as they do. Something more 
i.e needed, ami In this case that something more begins with a question.* 

Though it is surely the case (hit the alleged ablution bf an v problem always 

I 

has further implications that one may oaaert as a problem or a question, nnc is 
not neccssarilv driven to do so in all problems with the aamc kind of fervor as 

in tbis^ase. (See Walter and Brown, 1977 and Brown and Walter, 19R1 for an 

- ' . : -- » - . .. 

elaboration of this discussion) 0 

There are pnd.igogical Implications that flow from these relationships between 

posing and snlvthg problems. Students arc. not always aware nf the questions they 

aw} have Implicitly asked themselves in coming up with the solution to a problesi, 

and there mli'lit lie value in encouraging them to explicitly ace what thev have 

done. At the other end of the apectrum, stndenta may not at ail be aware nf 

additional qiii-Htloh* they "heed to" or might aak after they have snnpoaedlv 
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On Strategies For Poslngt Ah Accepting Mode 



It 11 on* thing fro suggest that problem posing la worthwhile, or even nec- 
csssry; It la* another to be able to do so. We ahull In this subsection suggest 
several strategies for posing problems, son* of which are veil discussed in the 
literature, and aoajferof which represent new direct Ions . In this subsection and 
the next, we shall look at the activity of problem, generation in a mode that 

Is scKncvhat^oldteSk^x"" that of solving a problem that has nl ready been stated. 

^ _ / • _ _ _ _ _-« 

Iii so doing, we return to situations ai a starting point. Much of what we ,do 

3 here might be appropriate toappty to the activity of solving an already stated 

problem as well. '(See Brown and Walter, if&i for an elaboration of these two 3 

subsections) i 



What are the "things'* that situations are made of? Among possible candidates 

f ■ J 'A 

are the following* ft * 

/__' \ _ _ ,,| 

U c o ncre te o bj e ct a like Cul sen aire Rods and the Tower of Hanoi 

?* . 2. a batr actr J ' things " like - ' " 

(a) Isosceles Triangles * 

or . . _ _ . ^ 

(b) Nine Supreme Court Justices each shaking hands- with each other " 

a: : ■ $ 

3, data like ± ._ 

(a) Primitive Pythagorean Triplets rjrneYated 4>y the relationship* > ^ 

«x 2 + y 2 ^ B 2 (like: 3,4,5: 5,12,13; 7,24,25) . . ,:|| 
or ■ ■ 

(b) 5,12,19,26,33. . . 



4. theorems or postulates like the Fundament nl Theorem of Arithmetic 

(every number can be expressed uniquely as a product of primes): 



Tliere are surely more kinds of "things J that one might use as a startinR^situ- 
stion, but the above should acrVe the' purpose of enabling to see how the direction* 

we might look towards In generatfng questions. , 

. ■ • 

(1) Estimation/Approximation 
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Here in a category with which we are ell familiar, though we tend not to _ 
make as much use of it lri practice as we might, ftiven fhcnomonon 2(b) for 
example, most people with a little knowledge will ask: How many handshakes 

are there? Of course It la just as Illuminating (for some purposes) n question 
to ask: About how many handshakes are there? 

(11) Internal and Rxj cmal Views o f a Th inm 

" Given situation 2(a), most people vrll ask the rather familiar question! 
What can you any about the base angles? Sqme people might extend the base 
end ask about the external angles. Compare t tins e kinds of quest Jona with one 

• like: _ 

y o y_ m _ n, ry_^_ s J>scele8 triangles can* you join to fc form the hub for 
a bicycle wheel? 

How does the above question differ from the other isosceles triangle questions? 
It is worth pointing out that while the first set focuses on the Internal workings 
of the phenomenon, the one dealing with the hub takes the isosceles triangle in 
Its entitety and relates It to something else. Much of our standard ciirrlciilum 
is focused on an internal view of objects and relatively little takes as Its 
starting point the object as a whole. 

(Ill) Hie 1'ortlcnlar and the Specific 
Here is n theme tnat Is particularly Salient In terms of a CI if lgan_ perspec- 
tive. Take a look at 3 above and pose some problems. 

Our enchantment with abstraction and generallzablt Ity frequently blinds us 
from seeing the uniqueness of what Is before us*. Most people shown 3(a) and (b) M 
Will pose a problem that attempts' to reveal some' cnverlng law that will generate 
all the terms. A careful look lit data, however, frequently suggests that there 
Is more to sec that might be equally as appealing. Cons tiler the following for 
example with reiviril to 3(a) : 
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Each triplet tint lit. least one member divisible by 3, b'y 4, and 
.by 5* Will that huld la general? i 

The above is clearly hot I Question thst would arise if our fncua were upon 
the more abstract Pylfcngorcari relationship. , Sam 

Take another look at 3(b)* Uhat questions srlse from s careful* look at the 
data beyund a sesrch for sume general slgcbislc generating formula? 
(ly) Oil Vstfodu-»l* t6ry * 

Many teachers wish they knew wore shout the history of mathematics so that 

they night be better able to motivate the subject. What is not well appreciated, 

- _ _ _ __ _ _ fc ° N 

however, is that a great dee! uf intellectually stlmtil sting thought can flow % 

fro* an effort on the part of students ea well as t« seders to engage in what ji 

call P 0eudo r hiatory* (Brown, |978 aa wli ss Brown and Walter, 1983), As en 

exempli, consider the foil owing kind of question conceivably generated by 

LKifiULi^jtanh responsible for getting people to look et » r 
procljcts of primes? 

We can, for example, imagine a mathematics community that focused originally 
on expressing any given number es the sun of other numbers. What might have' 
moved them to look et products instead? 

these sre surely not the only categories for generating problems while at 
the aame time maintaining an accepting -view towards the beginning situation. \ 
They do, huwevcr, represent s start, and with the exception of (I) tend not \ 
to be given much curriculum consideration* It would be I valuable contribution 
to expand both the list of "things" upon Which one might generate questions as 
well as the categories one ml^-Iit look towards in the generation uf questions. 

Posing As An Adolescent 
In this subsection we further expand the concept of problem gene rat inn by 
selecting a situation in a mode that Is more reminiscent of adolescent rebellion 
than li the previous subsection, Though perhaps the most intriguing, this is th« 
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"P-cr o, problrii pu . lng te ^ Mm t ^ wrmen ^ ^ ____ 
-f otH.r, i- therefore win ,..„„, iy natliroJ tendency ^ 
. ^ tH a£ you rofer tt re!etf . nt p|ecu . clud |f ysg s|jfi fu . 

elaboration. 

W« Bi *,- t « , ha „. ng .. thM6t sr 0 ^ eBccllt r€!belU6ii |5 
by llof.todter tl»fl 2 , when he co.«„t., 



not J.,pt T poetic „nr S n' B ur° thinB ' " iot 

cou,,r«. r r n ctual worlds Srta rb drl... if 08 ? ,MU " to "natruct 
ao„ Jt ^ , low „ B "ss. S r i.To^ # * ,jr »° « tt7 What .,„„. 

H'«e?. . .Making v.tl.Uon. " . t h^ . "^r 1 *" ta ^"-ly 
creativity. On f S |i « ir »i b £ B * '* reoll y «"» of 
poa.lt.ly be truc^ «r*^ v-^ n - th9 !'», ™" " 
never troly ori.L^M^ *£v.U.. notion., 

one to oce thMt vliot w. cNboii to iiii . * * ^™ tu ? analyeie Irml. 

— m„o of r „ liB; on T;.:; ^\r. 6r !;~ as-g ^ r 

Ono con .tart with a d.finition. . , concr . t . ^ _ 

•ny other phenomenon and i KSE , ao or accepting it a, « glv€n to ft explore(J 
»n. con choUc„ B c It »„d ln act croot|i . ^ Sje>m 

^rait^j^,^ or a p ? » nu^r: 

a prlae if tt ,, as , xoctIy tWQ dlfferent dwuwjl -. 

Now the <W„„i- .^inotion of the at.ndnrd cwrric,,,- i. to W ,„ at 

n i„ futMatl „ n Bllo , iU sjjs of fi . dole . ceiit tebelUo . 

n the other ha ml wlrht amnamtm - u — I , - 

*ir.nt generate • hunt of questions like: 

•What'* no *|>ec(nJ about niitnhere that Ksi.- - ----- = : 

u,at „» or ^a^rirsiw.sas" 

a^olll 0 "^^'-' <*» ".-ber. ta« m 

•Why do we Fbcni on natural niwber.7 s.'.»i,i i — - .- 

fraction, br th* .^Tofnoddl«^"r,. ^ ,00k " , " , ** a at ■ 
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I ahsll not continue with the Hit of such questions thot can be generated 
to challenge rather then accept Che concept of prime number. (See Brown* 1978 , 
1981 for a thorough development especially of the last question) Let me merely 
lodlcete chat euch activity hee^avrfiilt-ln kind of irony; for it is in the act 
of "rebellion" that one cooco to better understand the "thing" againet which one 
rebels, - In that sense challenging "the given" as a strategy for problem generating 
ha a tha potent 1st to be viewed mm a less radical departure from atandard curriculum J 
than one might otherwise believe. 

• Marion Walter and 1 hove taken tha Insight of challenging the given and created 
a scheme which we call "wliat-if-noc." A number of people both within Che CM ESC group ij 
and outside of it, hove derived some fascinating and imaginative concepts by employ- . 'f 
> ing the scheme, though it is possible to approach that scheme in an overly mechaniatic 
manner, it is aleo something that can be done with taste. 

Suppose one wishes to do's "what-lf-not" on the Fibonacci sequences i* 
1, 1, 2, 3, 5, 8, 13, Hi 34, 55,. . . ' ' # . :| 

For the firs* stage of the scheme, one lists the attributes of "the thing/' without f 
worrying about such matters as completeness; repetition, elegance of statement, ' i 

independence of atatements and ao forth. Thus we might list among the attribute!! 7v 



_• Tb» sequence_begins_witb the same first number. 

Th-__f lrst__twp_numbors are 1. 
3* I _f_ye_dp_ something . to any two successive terns, we get the next 

n_Mmber_in_ the sequence . 
4. The something we do is add. 



At the seconuV at Age, we do a "whst-if-not" (hence the name ef the Scheme) on : 3 

one of the stcrltmi.es. For example, suppose we do a "what-lf-not" on number 2 sbovs; £ 

______ _ _____ _ _ ^ _ _ _ _• . . 

if it is not the case that the first two numbers ere 1, we ask what tliey night b«T •% 

_ __ . _ . : . _ ' _ _ _ _^S5 :'J 

Obviously w^could select' many alternatives to I and I aa ft he storting numbers, * 

Suppo<>* we chose 3 and 7. 

At the next stage, we ask aomo new set of questions about the modified phenom- 

. _,- _ _ , - • 1 ■" -ft 

enon. Snppoue we bogln by asking what the new sequence would look like. To continue -3 
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the process, we finally engage in the kind of activity which most people Incorrectly 
assume la the essence of ma themat lea—namely we analyze or Cry to answer the question 
Thus, If we maintain the essential definition of the original sequence (something % 
we need not necessarily feel obligated to do), we would get: 

V 

3, 7, lb) 17, 27 $ M v 71, , . . 

Moving back to the stage of askJnW some new sit of questions, we might askt 

- - - - - V 

•Is there an explicit formula to generate the nth term of the^fiquencs? 

•llpw do properties, of this sequence compare with those of the qriglnal 

~ : one? ^ 1 » 

1 An analyals^r these questions reveals Some very fascinating Jewcla. Peopls 

Lwho are familiar with properties of the original Fibonacci sequence, in analysing , 
the second q motion above, most likely would look (among other things) at ratios 
of succeeding terms. Choosing smaller to larger adjacent terms* we would gets 
.42. ;70; ;38fl; .708, .614, .62, 
Something smells (SB in the equilateral triangle example in the previous 
subsection) peculiar. We are arriving at ratios that appear to be very close to 
the "golden, ratio" (approximately .618)— no«e thing we expect from the^originaf 
Flbonace frequence. Why Is that happening? 

In analyzing the question above, one Is thrown back towards an analysis of 
the original phniuraenon— na we Indicated above. * 

We have barely begun to see»the wealth of surprising results in making use 
>f the M whst-lf-not M strategy on the Fibonacci sequence. (See Brown, 1S£6 and 
Jrown arid Walter. 1983 Tor a more detailed discussion) in this brief sketch, 
•towever; we Implied the value both of carefully employing the various, stages sf 
:he H wha^-IF-hut >> strategy and of Interrelnt ing 'tlicm as Well. 

In t losing, it Is worth pointing but that despite efforts to mechanise the 
itages, the prncess tends to elude a computerized mentality, for it' is frequently 
:he case that In the absence of nn easentlatly human activity one may never even 
•see" Mome uf the attributed to vary in the first ptgfce. ElsewhUe (Brown; 1971, 
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19M, 1975. 1981) I liovi 1 1 town how It la that uat of poetic device* nuctt 
*«tuphor And lugery, and audi huwin qualltLa aa finding aurprlaa ami flipping 
figure and ground frequently account for our ability to aaa what It Si that ii 
auppoMdly .taring ua in the face all along. 



* i ■ ' 
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CAfiAUI AN MATHEMATICS EDUCATION STUDY GIlOUP 
JUNE 1983 MEETING (VANCOUVER) 

Report of Working Croup A 
Developing Statistic*! Thinking for All 
by Claude Gaul 1 n efuf Jim Swift. Co-chairmen 



The Working Group set as Its aim the development of a set of guidelines for the 
Introduction of work on statistical thinking Into the core curriculum, the con- : 
cent rat Ion on STATISTICAL thinking was deliberate; 'the group recognized the Im- 
portance of also Including PROBABILISTIC thinking In the core curriculum, but In 
the limited tine available for discussion, it was judged preferable to concentrate 
on the area of developing statistical thinking for all. 



A pre/corequlslte of the development of statistical thinking Is a SENSE OF NUMBER* 
which must be an Important objective of the mathematics core curriculum* Number 
sense Is understood to Include such concepts as estimation, accuracy and size, ends 
such skills as rounding and making approximations. 



TOALS FOR THE DEVELOPMENT' OF STATISTICAL THINKING FOR ALL 

1. To develop critical attitudes towards conclusions based on commonly 
used statistical arguments. 

2. To develop those skills of data exploration necessary for achieving 
the first goal. 

3. to develop an awareness of the uses of statistical arguments. 

i.'.; 

APPROPRIATE STATISTICAL TOPICS FOR Till CORE CURRICULUM 

The topics fall into two broad areas: 

(A) The tools of data analysis ; .; -z 

■ * 

(a) NtunvUcal tpmcuUtA 

Collecting data and presenting them In the form of tables, averages, 
percentages, proportions, etc. m - 

Interpreting w format Ion presented In the forms mentioned above* 

Using averages and measures of variability to Illuminate data* 

Detecting patterns In data. 

Recognizing appropriate' and Inappropriate use of numerical summaries, 
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(b) Giajiliicat Atwmatizt 

Collecting data and presenting them In graphical form. Appropriate 
, forms include: circle charts, scatter plots In one and two variables, 
box and whisker plots, stem and leaf plots, har graphs, etc. 

Interpreting information presented in the graphical forms mentioned above. 

Using a variety of plots to Illuminate a collect Ion of data. 

Detecting hidden patterns In data. 

; Investigating values that appear i, different ,, (outliers). 

Making comparisons between collections of data presented in graphical 
form (e.g. comparing box and whisker plots of two sets of he fights). 

Empha sis and me thodology 

The emphasis should be towards, providing waysof overcoming the mistakes of 
Judgement that so often arise when data are examined.. The. work of Kahnemao 
and Tversky £1 1 has clearly shown some of the kinds of mistakes that can oc- 
cur in this context. 



Students should be encouraged to develop their own Interests by collecting 
*n<j examining datafromanysu^ Project work , invol- 

ving the planning and execution of an experiment that Includes the collection 
and interpretation of data. .Is also a most worthwhile activity. Much attention 
cpujd alsn be given to ihe coaipilatlpo of a collection of Interesting actlvl-. 
ties, data examples from newspapers, case studies from practicing statisti- 
cians, etc. that will Illuminate the teaching of statistics. 121 

The cornputer and the calculator offer considerable opportunities Tor enhancing 
the. development of statistical thinking. Students can concent rate on the use 
of. tbe_ tools of. data analysis, not as ends In themselves, hut as a way of ex- 
tracting In femat Ion from an Interesting data set. -The computer also facili- 
tates the exchange of data s£ts in a format that allows students fa convenient 
form of access. 

Statistical thinking Is not confined to toe mathematics curriculum. , Teachers 
a are strongly encouraged to look for applications of statistics in other subject 
'areas. In addition, the development of statistical thinking involves the use 

of many marhemat leal skills and techniques, e.g. work on ratios, proportions, 

graphs and number sense. Such reinforcement Is a positive feature of a stronger 

emphasis: on statistical thinking. 

(B) Samp l e surveys and their Interp retation 

(a) Developing an understanding of, and a critical attitude towards, sta- 
tements made about surveys. 6 

(b) Recognizing misleading interpretations of survey data. (For example, 
such statements as "the Liberals have Increased tbeir share of the po- 
pular vote by 2 X* are misleading when the poll Is only accurate to 4 
percentage points.) 
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(q) Developing in Intuitive understanding of how a sample can give In- 
formation about a population* 

(d) Using elementary methods of obtaining a sample from a population. 
Emphasis and methodology 

The emphasis should be towards those activities that develop en INTUITIVE un-: 
derstandlng of the uses and limitations of surveys. Methods that use tech- ^ 
hical jargon and emphasize probability models are not considered appropriate k 
for the core curriculum. One successful approach has been to observe the 
variability that occurs when samples are taken from a YES/HO population and 
to summarize data from 100 such samples In a box and whisker F lot. ,131 TMs 
approach does not In vol ve_ the use of probabll 1 ty statements connected with s " 
veys. In Its deliberations about methodology, the group was very conscious o 
the 1mpprtance_of deal Ingwi th misconceptions concerning surveys 1 ike those£J 
shown In the work of Kahneman and T vers ky flJ* A valuable goal In teaching^ 
this topic 1s to aim at overcoming such misconceptions as occur at a very ba~ 
level. . 

Students should continually challenged to ASK questions and be critical abou 
a survey. Appropriate questions might Include: how were the data collected 
Did eveof niember of the population have the possibility of being included in 
the sample? Was _th" sample. representative? Etc. Such questions are a valua- 
ble source of learning, particularly when applied to the surveys that are dftt 
conducted In other courses In the school curriculum* There Is no better way 
of revealing the limitations of survey techniques than by being actively 1n-^ 
volved in one. The discussion fallowing such Involvement can be Illuminating^ 

The area of sample surveys is one of the most frequently reported areas of staj 
tistlcal thinking. There should be no difficulty In Including a strong empha^ 
sis on the use of newspaper sources when this topic Is being taught. y^fl 



11] D. Kahneman, Slovic & A. Tversky Judgment under uncertainty ^heuristics ; ->?$ 
and biases. Cambridge University Press, 1982. ' ^ 

[23 Cf. Statistics Teacher Network, edited by Pro;. Ann Uatklns, Dept. of Maths. 
Los; Angeles Pierce College. 5201 Hlnnetka Ave., Woodland Hills. CA 91371. J 

C3J -. Schaeffer 4 J. Swift Information from Samples, jtb be published by the :; '-'|s 
ASA/NCTM Joint Committee on the Curriculum In Statistics and Probability) 
Note : a YES/NO population Is one to which the words YES or NO can be attached # 
to each member of the population (example: a population of black and 
white balls in a sampling box). 
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STATISTICS IN T I IK gggjr j^fflCljjjgj 

R.J. Mai Kay • 
University o£- ifaf crlmi 

The purpose of this note Is to, outline the mnjor problems nf 
Including "respectable statistics** -In the school currlcuiiMi. By > 
specifying these prohlcms, I think we enn direct our energies usefully 
and not waste a large amount of time discussing Irrelevant lc* . 

My first point Is that there Is no need to decide what the Important 
topics nre. The list given below can lie generated using Sony different 
criteria; but I he 1 1 eve in the end that the list produced will look mh.Ii 
like t?i€> oite I'm giving. The criteria Mvo used to select these concepts 
are first flint the topic should lend to the understanding of a fretjitciit ly 
encountered concept. Hie topic should lie "vivid and exciting" and 
further teachers should be able to link the topic to other parts of 
a ma tlicmn tics/computer science curriculum. 

The first criterion Is one of relevancy. The second Is useful 
In considering hnw n topic Is to he presented. Tiie third criterion is 
pragmatic, and recognizes that, statistical ideas will he presented hy . 
non-specialists in a mathematics or computer science setting. Fnr the 
teachers* sake, the statistical Ideas must he tied to their nwu iflselpl hie. 

The topics given he low can be presented at many levels. I hope my 
brief examples will give you the flavour that I feel ts required* 

•Tiie. Ideas on this note .arose from discussions with Jim Swift, Roger ? 
Curves. Brian Graham. Alf Wntcrman, Ted Bcuttcry, Jim NaLiimnto and others. 
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Potential Topics * ■ ' ' 

" — — — W 

A, Number sense 

(a) softening big ond small numbers "If a si^«r computer ; 
can perform SO million calcnl.it Sous per second, and 

1 ISO mat homo t Iclans con perform the sane calculations . 

in u week, how many calculations does each mathematician * 
make per second!" # 
(Victoria Times-Colonist, April 24, 1983). 

• (b) biogrophy of o number 

'•22000 fewer claims needed" 

(Victoria Times-Colonist, February 7, 1U83). - 

I. Sample siiooys 

- ■ - v 

^ (a) ^"representative samples" 

(b) from sample to population 

(c) sampling variability' - . 

(d) non- sampling errors. 

C. Statistical relationships and causation 

(a) It looks like a pattern but It's only chance variation. 

(b) it looks llfce chance variation but there Is a pattern. 

(c) mnking comparlslons lil a non-determlnistlc setting; 

D. Data analysis tools 

(a) numerical summaries (eg. averages, percentages, tables). 

(b) graphical soman rics (eg. scatter plots, box and whisker plot etc 

€ 



(a) to make tiiese topics Vivid, there are several possibilities: 

■ r 

(i) t«c topics enn he used to motivate mathematical ideas. 

for example using scatter plots of real data to Introduce 
cartesian coordinates. 



(II) the topics can _he_ I nt reduced by_way _o f u "story" or c loss room' 
experiment in which the quest inns of interest are asked 
4 first. 
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(Hi) 



topics cnn to Introduced: lis part of n tiiMpnter science 
exercise. 



*l*!iisl|caiMden« can he cMhcdJcd in a Mnthi-M.il icvprohlcM 
t'B* Given five pbscrvnt ion* plus an unknown, s U ill 
valuc_.S_i plot the mean and the Median of the data as 
x varies. 



(h) Probability nas teen excluded friw flic list except for the notion 
of chance variation, i think probability cnn be included in the 



(c) format statistical procedures should not he Included In the school . 
curriculum, these Methods are Irrelevant for Most students. 



Here Is a list of problems which f think can be addressed by, this 
work slut 1 1 using the given topics as a reference set. 

?A^ s * , V9 B, __ r *P* r i ,,ICMt!l » tcSt/hoMework prohlCMS, computer 
software etc.) 

2» 4*?y9lPP ,B ^ n *__ojr ;a dejiycry __sy_steji to wake these Materials, 
available to practising teachers 



.V development of source material* wj th Canadian content (or 
better, of interest to Canadian students) - 



4. creation of ideas for linking statistical concepts to Mathematics 
and coMputcr science curricula. 

5. teacher training/ re- training. 




P rob lew* 



* 
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WORKING GROUP B 



TRAINING IN DIAGNOSIS AND 
REMEDIATION FOR TEACHERS 



ERIC 



R EPORT TO CAHADIAH MATHEMATICS EDUCATION STUDY CKOUP 

Re: Working Croup B: Training In dl agnosia and remediation for teacliarK, 

June 9 to 12, 1983 

% In recent yeara there haa baen conalderabla emphasis on dlsgnostlc- ^ 

prescript Ive teaching. In msthematlcs education this ha a taken tha form of 
analyzing computational atrateglea used by children and then recommending 1 
appropriate re teaching of Incorrect procedures. Associated with this concern, 
i few educators Have prepared mathematics diagnostic Inventories useful In the 
assessment process. ' Further, several Institutions have sstabllahed mathemntlca : 
clinics. Some clinics offer i diagnostic service only} others offer en 
associated remedial component* The ss clinics sre Usually justified to the • . ; h 
parent Institution in that they provide a aervlcafto the community f offer s 
research setting for their faculty, and can be und to train teachers. Occssloo- ; 

ally a course Is offered in H d la gnosis and remevistion in mathematics" utilise. 

-Z. _— _: • ■ 

ing the clinic feci lit lee. Typically these courses era eva liable to graduates 

or senior undergraduates. A student who electa to take only trie regular Intro- i' 

, _ . 

ductory mathematics methods course would likely heve very little exposure to the M 

fi • 

"diagnostic and remedlsl M concepts, . v 

' ' : ; i 

Hie purpose of title Working Group le to examine more closely e recommend-, 4 

__. _ . _ . .__ _ _ — ,__ _-. _ ' _.. v. 

at Ion thar all teachers be trained to liandle dlegnosle snd remediation In the ••' ; ?§ 

regular classroom snd wliet form this might take* To fecllltata discussion, ' 

selected members would be asked to prepare pspere which summarize diagnostic 

nm! clinic models, both for preaervlce and lnservlce situations, snd raise v * ;< 

question:! which focus on this training. . ; \% 



KEP0KT OF WORKING CHOUr B: Training in diagnoHls end rcweUiatl** &> J aae&crs. 

LEADERS i Douglas R.H. Edge, University of <:'t 3 f 8l« Columbia 

Uavli* F. R bitallle. University of brltlah CoI^MV 

tn Che past several years working grouse of the Canadian Mathematica 
Educators Study Group have concentrated on varioua" aapecta of diagnuaia and 
r caw diet ion. Thla year tlie working group focuawed on what training* if any, 
teacher, aliould be given to develop their mathemnt I c •-related diagnostic and 

remedial abilities. Discussion waa divided into three areaal 

i 

• regular education undergraduate students 

• apecial education 

4 

• graduate atudenta and reaearch 

The outline of thla report parallela that division. Key points are 
noted along with res writing suggest ions, end recoaetendat lone. 

1* Ron u lor undergraduate teacher Preparation ; 

a) It was acknowledged that many student teachers have great difficulty 

with elementary mathematica concepts. XI though several approaches 

to. this problca) were considered, one was presented In abate detail; 

XU students enrolled In a^ ao fl emcntary mathematics methods course 

were tested for functional numeracy on content typically found In 

grade sevehend eight mathematica textbooks. Students who did hot 

achieve a pat* Ocular icore were then asked to report, to s diagnostic 

_. . ... 

centre for further testing. These students were then directed toward 

appropriate reference material. No specific remediation waa provided* 
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Several Issues werexralsed which result In the need fur further 
study. Uhiit conotlUftea functional numeracy? How can It be 
measured? Mint role shun Id the university play In providing the 

needed remediation?- 

_ * 

b) When student teachers are Introduced to the concept of dlugnos^s 

hiid remediation If appears that the mat hematic* content Is heavily 

j .._ ___ _ • r 

biased In favour of ar ltlumetic. p< agnosia rarely Involve* geometry, 

problem solving or estimation. Homed lac Ion tends tu emphasize 
basic facta, place value and algorithm*. Several educators main- 
tained that the achoola had obligations to teacher all children 
certain M bealce w including the basic facta and relevant algorithms. 
Othera rioted that with the availability of hand hetd calculators 
the extent of thle obligation had to be reevaluated. 

c) It was noted that until recently In special education, dlagnonla 
typically concentrated on Identifying perceptual deficits* such 
us auditory or visual perception dysfunctions, of non-achieving 
students. In mathematlca educat Ion/ the. diagnosis was much mora 
task-analytic oriented* ' that 1»» there was more of an attempt to 
Identify specific content objectives where remedial work was needed. 

It vaa recognised that the current trend toward the integration 
of both approaches is desirable. Further study if needed un the 
extent of the intsgrstlon and on the emphasis the perceptual 
deficit cowpor^nt ahoald have In a Mathematics methods course* 
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d) In ttm of what to expect in a regular mathematics methods Course, 
the point wis made that ii good teaching would routinely Involve 
^ diagnosing students* strengths and weaknesses, It la difficult to 
differentiate between "diagnoatlc~remedial mcthndology" and 

"traditional clsssroom methodology". It wss suggested that a - 

\ »___ 

methodology course. would Include the teaching of certain principle* 

such as: 

• Intrnduca new concepts ualng materials then Move toward 
a symbolic level 

• uae a four-step procedure to Illustrate how to appro- 
priately transfer fro* the use of concrete devices to a' 
syabnllc level; and * 

• utilise a teaching node! that ihenrporatea exploratnry, 

--. .-- — — - - V ■» 

understanding, consolidating and problem solving levels* 

It wss recommended that this introductory methnda course riot 
concentrate nn formal diagnosis, auch as the uae of standardised 
testa,, but rsther on the preparation end uses of informal tests. 
Although there wss *ome concern expressed about the vslue~of error 
pattern analysis due to an Inability to clssuffy and describe all 
errors, there wss s strong^ feeling that student teachers should be 
exposed to the concept. IE would serve to sensitise the student 
teachers to the Kinds of errors children can make and as a result 
would help them bring i preventative focus to their teaching. 
■ ' ' / 
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Spec ial education unde rgra d uat e trai n i n g: 

n) Of tlic several programs discussed. It appeara tliat special education 
. students are required to tske courses that fall broadly Into thrae 
categories. Firstly* they tske aose courses tlist are In cosmon with 
regular education students such as reading and ma the mat les methods. 
Secondly, they take special educat lbn-spocl f lc courses such si 
introduction to the mentally retarded or the tenrnlng disabled. 
These courses stay or may not Include components related to testing 
(MtsndardUed or Informal), to developing diagnostic skills snd to 
tesrhlng/retcechlng techniques. Thirdly, special education students 
gone rally select courses from an optional list which, si though vsry- 
tng grcstly from Institution to Institution, art en does Include a . 
course In* diagnosis and remediation of mathematics learning problems. 

In this latter regard, that Is the aspect of on optional diagnosis 
siid remediation course in mnt hematics learning, some concern was 
expressed In that many grsduotes of these programs will work is 

- - r 

resource personnel lh learning assistance or resource room centres, 
ttlveh that, in addition to reading and language arte, much of the 
work of a learning assistance centra Is focussed on mathematics, a 
course in corrective ma t heme t lea techniques should be viewed as 
compulsory to the training of the specialist. It was noted that 
UjoicKS these teachers are given training In diagnosis snd remedia- 
tion they are likely to utilise siich standardized tests as the 
Wide Range Achievement test (WRAT) or the KeyMath and make 
specific instructional recoMncndat Ions In spite of the survey 
nature of the testa* r 



\ 
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Severn! member m of the group aleo cxprcHtied the opinion tlmt the 
training of epeclol education teacher* et the undergraduate level 
ehould be reviewed. Tlieaa neiabera Indtcnlad liter lite ikltli 
required of e competent reaedlel teacher could be obtained only by 
flret working with children In ragular clelaroo* acttlngs for 
several yeura and then by taking ipectlllxed training in dlagnoatlc- 
preacrlptlve technlquoe* likely it I graduate livel. . 

b) Clinical prograaa were reported to hive varying degreee of eucceee. 
Sum clinica ire iiioclited with the teaching of a particular 
cotirie. Although thla provldei aoaw handy -on experience, dlffl- 
cultiei with Jong range -planning, following-up reawdietion, : blaacd 
referring population, and travelling ti«e Ue.lt practical experience 
for the ittxlcit teecher. Other clinica are opa rated independent of 
couree teaching. lo thla ceee the reeediatlon doea not have to be 
tied to the eemciater eyetea and it doea Yerelt working with a child' 
for a longer period but It Involvee other problewe auch ae the paying 
and eupervlelng of qualified tutora. 

Cllnlca uperatlng during the auamer aeaatrin ahore sonc of the aoee 
features aa clinica held during the fall or winter hut they have 
two ao)or advantagee* Children con epend mo re houra per day atudy- 
Ing Mathematics. And* children are bo re likely to participate in 
Instructional eceelone on pioble* aolving, eeasurcMWit and geometry. 

No epeclflc rccoewendat lonu or auggeetiona w*re forthcoming. 




c) Tin? Untie uf training special i»d a Jo:i tenet, rra fur the uecowttnry 
level wan briefly discussed. Ilicrc do nnc uevn to l»c nny currently 
exist hig^ hi Canada. Tile situation tu critical ami require* Immediate 
«it triil Iim*. Needs wore Identified for tile development of .in appro- 
prlntc'cnittuht taxonmny as well as fur useful diagnostic Instruments. 
Further In tarnation is alan heeded on remedial techniques. Art? 
techniques that are routinely reconmchdod for Use with elementary 
school children applicable tri students In secrindary achooft Should 
Instruction frir meaning alvsya precede drill? Which tuples must be 
taught initially using cniicrete Materials? 

3* Gradnnte prograM cMtes rch i , 

a) A juupnsnl for u Raster nf Education degree prngran in mnthcn.it lea 
education with a focus on diagnosis and remcdlatlnn was presented, 
this prnpusal, presented in Appendix A, suggested that cnurses in 
muLlic.'M education (fnundat inns, advanced Methods), educational 
fotMid.it Inns (learning theory, human dcvelnpment) , research and 
measurement, /and field experience all be required cumpnucnts. It 
wan nlsn suggested t*'at Students bejgtvcn oppnrtunlt les tn deleft 
fr.i* n series of nptlnnal cnurses which wnuld Include mathemn'. I cs, 
special education; and reading educe t Inn. , 
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Althoisjli there appeared to be general support lor the proposal, 
two additional reco mm end at long were made. Firstly, a course in 
standardized testing should beVequlred. And secondly, some 
attrition should be given to t^ie preparation of an integrated 
Masters of Education progrsm in diagnosis and remediation. Fn r 
example, Joint programs in Mathematics end reading, msthematics 
and rarl> childhood or matlieniat lea and special education should 
be proposed and Implemented. 

bj Conducting research in dlsgnost lc- remedial settings has presented 
special problems. It has been difficult to carry out experimental 

studies using Isrge ssmple slxea given tiiat clinical programs 

, / 

oficn contain too few subjects. Hence* researchers tend to rely 

on methods which ure esse study approaches. One concern related to 

the use of esse stu^ 1 * resesrch was expressed* This resesrch tends 

/ to be hypothesis - genetst.ng In nature rsther than lesdlng to 

specific or "practioner-oriented" conclusions. But; It was noted ' 

that currently more resesrch is util*»1tg case study methodology. 

This is ilWly due to the respect sf-<* *rded M^n quality, 

insightful repotting based on tlie- .... y. • * 

Rather than make specific suggestions or recommendations relating 
tr» dlagnoallc- remedial research, £hs group focussed on page? and 
' current studies. Error pattern trial}' *s Was diseased. Results 

are often difficult to cl ossify and tit is led to *brae conn duration 

I _ _ _ ___ __ * 

of tlie value of pursuing this line of study. 
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Clinics were seen as food netting* Ed exam^hi various pedagoglcsl 
PHuIels and remedial techniques: ■odels such ss teschlng cycles 
or tranaferrlng fro* concrete to symbol, and remedial techniques 
such as the use or controatlng slgorlthms or of spfcvlflc monlpu- 
Intfve sarerlala. The extent Of computer uaa in remediation was 
mentioned and appear* 60 require much further investigation. 

An additional area that received consideration va* the d*velnp*cnt 
of dlngnoatlc Instruments. Examples given included tht U.5.C. 
HRDIC Checklist and the Ha ry land Diagnostic ■ '~< test. 
Carryl Koe (0«BjC.) dlacusreo her currant re, ^.r/f. J n velvet 

Hie •tevelopmcht of a diagnostic checklist for an3v:»ft linear algebraic 



Throughout the several days of discussion aeveral major themsa appeared 
to recur* , Firstly, diagnosis is an saaentlsl component of all good teaching and 
hence must hot only be considered for that group of children Identified c% In 
need of special help. Consequently ell pre-servlce teachers need trailing n 
tills aren. tills training should Include experience In the preparation ante lwfi?e* 
pretation of lnfornal testing procedures and with the development and Implementation 
of appropriate remedial techniques. 



fcfjiial Ions. 
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Secondly, Mich wore extenelve use mat be Made of the hand held cal- 
culator. Thla la Imperative when working with older chlldreqpwho May have been 



- etruggltng unsuccessfully Tor several yeara with particular facta and nlgnrltlusa. 
It waa nnt an clear chat the coaputer should receive the eame emphasis. Nora 
atudy ofNshe role of the computer In diagnosis and prescription la needed. 

Thirdly, apeclal education atudenta require Much mate expertise related 

to dlagnoala and remediation of Mathematics learning. When these atudenta 

_ _ _ V _ 

become teacher a they are typically expected to have i high level of ability in 
working with children who have Mathematics learning difficulties yet It ippiari 
that, at beat, coureeo. which would prepare the» for thla tank ore optional. 

Other theme a were alio apparent. There li no Intention to suggest that 
these are less important. It la Pimply that they received lees attention .than 
ilia first three themes nnied above. 

Ffietly, Hester's level graduate degree programs need be prepared. 
Com sea * fid Main alii a focua on mathematica learning, but need to address 
diagnostic and remedial concerna in related fields, such aa reading and apeclal 
eudcatlon. It la also possible that this kind of graduate program siiould coue 

to be seen aa the way to tri.in "apeclal educe tor a", rather tUs'n undergraduate 

■* 

degree prngrsms. 



Secondly, vsstly more Interest needs to be shown toward the learning 
problems of adoleacenta et the aecondary school l»vc1. the direct Ton for thla 
Interest certainly Must be directed toward dta&tcetic and remedial leauea but 
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wiiml also include the development of relevant. opr»U cot Son-or If n ted courHen. 
W.iterc<<-down versions of existing course* stunt be. avoided. 

Tliu working group oddreswud numernus lunues. In H*i»e enned the nuking 

of specific HMKKi'Mtlons seemed spproprlnte. In other cases. It was recognised 

that further study of a topic das required before rocow»cndnt should be * 

sudc. it Is hoped that future working groups would be organized to exnatnc 
_v p _ _ • 

'In Homi detail one .or store of these Issues. 



/ 
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APPENDIX A 

PROPOSAL FCK A NATIIKXATICS EDUCATION PROGRAM FOCUSSING ON DIAC 
REMEDIATION IN MATHEMATICS . 

PRKRHijiiisiTE : #paihomatlcs aethods and content (369 or 404)* 
Introduction to Diagnosis and Remediation (471) 

SUCCESTKD COUHSES : 

1. Math Ed: Diagnosis and Rowed lut ion (5bt 

x ' Foundations (545) 

Math Teaching: Elementary (547) 

( ___ _ or _ _ 

Math Teaching: Secondary (54ft) 

f 

2m. Foundational Learning Theory (50i)__ 
Human Develonment (505) 

3. Research and Measurements Research In Education 

Mctmodoiogy (508) 

4. Practicum: Fieia Experience (599) 



OPTIONAL COUffSKS ;- Selected from following - 

Mat liemn tics Education: Elementary <4(T8) 
^ih>'* , ?M?fl..Mw??o?i»D? i Secondary (549) 
*«!™'«M*A_ Reading _i476)' 
in^r9 J *^MP« to Rpsearch_i48li 
if!.t rqduct ion to _Stat 1st lc^ (482) 
Bt'ijnyiqur plsordcr»_f5iS^_ _ 
Lea rnlng Disabilities (526) 

Hearing Impaired (530) 

Multiple Handicapped (5i/> 

Early. Childhood 

Testing 

Avici I Education 

Education for ths Gifted 



* Numbers refer to U.g.3* course numbers. 
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WORKING GROUP C 

MATHEMATICS AND LANGUAGE 
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• 86 - WORKING GROUP C REPORT! 

APPENDIX t 



I .1* InprcNiied by the iiindrrjuacy of Innp.inr.c to express 
■in r conscious thought a nnJ by the Inndruu.try of bur 

cmiMrloiH thoiirJit fo rxprerts our Hkbcoijai* Ion*. Tlu? 

Currtc of I losnphy bail lieo;;_'tbo mipjinsl I Ion that lonfi- 
UifKi- In mi rxncr snmIIimn. riil lusoplicra vrrlmJ Iw ond 
llit'ii suppose (lint Hit* I den In atnlcd for jilt time, _ 
livoi if It wrrc Ml n ted. It would iu«rd to ho restated 
for every rcotury. perhaps every pcnorntloo. Plato Is 
tlii- only hin» who knew better arid did not friU into 

hh a myth, which nWn m»t rlifil Irnju* .exact jtnte hut 

o * y I f 4^#» rcycrjci ijntjiciMl lr* is word nearly .precise* 
nnJ riwot nearer to tho truth . In n thousand years 
li ftuiy bo as cumsmuiy used as In Npeoch today* 

- A ? K> WU Ucliom l 

Wiinl In »i 1..1I |Hf rti'i u>'y «ief In 1 1 Ion? For I ln« |iiil toNopher 
the Hrhol.ir, a def I ii It Ion In xnl \n( »n*im y If it npi-l- 
In _i limit* .imi nniy tim:««* thlnf." llint .ir« bcitift dofluedl 

1 1« 1 k Is ^i«_t jopjr deiModH^ Our in tench log, this wijj 

o«>l «lu; n «jc f in II Ion is satisfactory only tf tho students 
mtoYrNtami It* 

- li. -Potncarfr 

■ ~— t 

There is no_ ■Horn reason why a per* on who unci a word 

correctly should be able to tell whatJt swans _ than there 
In why a pi. met which Is moving correctly should know 
Ki*|»li?r*a Iowa. _ _ 

- P. Russell 

lii •ijilii* of 'Vr |»ryT.ii ti77Vjunl nt loim , this In hoi Intended to he n wcll- 
>h •••it'll, i hi i>M(;h^iiiujiitti«*i|_ jyiper , but oiily n r.tmhlo llir iiiijili sowo iimu l I 
i ii*. «it ihi iVirltMry. iiie hi»i»o lii that rlii* ri'marliN nay trlr.i',»»r 
iui«iii:litN t lint ore worth pursuing, tlib breh is vnst hod mainly unexplored* 

I Khali keep well away fow the rep. loo signposted f frithcmat les In a 
I iu^i^j^e.' 1 believe it to bo uo Inhabited. 

two papers which attempt some coverage of M.c Rroun<l for (lie mathemat lei 
educator are Aiken (1972) nod Austin slid i liavson lie I r her seems 

in nc to be very sot Isfat'tury, though the second id t*.>~U mora usolul 

t he I I rs t . Bo t h s ogf.es t t hat comp rctens I , ye sur y&ys o re res 1 1 y _____ 
L» •_• * _ *>i _ t h e *1 u es t 1 on - there i * _ t o o m u clt t o c oye r . _l_lo rs p rac 1 1 ca j . a %v* 
■Mjrc useful, would bs s map (graph, flow-chart t dlagrajs) of the whole 
h ren supplemented by surveys of particular local It iss. 



Fur this paper I consider three chunks* 
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ftUt l tfjj^jj^ -wi- ^w puUo » h > uf Jnnnunnc 

Vhr«_yc_ trnch a language (native or foreign) wo'unuaJIy nssiiMi* lli.it* 
??MV"ti"lt»«t« .ilir.nly h.ivf_ ••xjiri- fpiiceti thn J jfii-y r,tw tnjk and write 
nbnut in tU» Jmij'.iiaj'fS Ulieh wc teach MlIirM.il Irn wo tin unity annuae ' 
tii.it wr Imvc lo tpnrli (lie intjcunce of natfcrautt tea nnd, MlamUnni»nusly t 
what tlw ftuuVhla *ny nay aittJ write In It. (Sinclair, 19A0^ 

M_ ,B . I '"^"A Y**J. n I ?B n*!!""!!^ |cnl_ 1 annual;** «i I rran>--tw*a*ca* 
I ,,, ^A° ,, '? i «_ n,l, l r»?r»^laULBrnamoticiiJi aprer'u tli/.t In, lliry Vnn, 
*' ,t,,0,, l ^J^J^n.wlinl.llicy nrc rnllcd, op<*ratr rurrerfjy with the 
VnHiiu» "nartH of speech*'. Cach part of sprrrli <« nannr Jnted with 
certain avarcnraitt** chat oppftir to be Mi hr*at for e*n« P Jel 

■ TJ ■ ' 

W n w> .va rrgiij r*** I hr nw nr«Mit»Hn of -y^ 



nnniin *\ 



clnNfifN (of nbjerts, actions) 



% r.lirrtlvPHi inler*«rHon/iiicliision of 

mlvnhn J Cl«HH»MI 

pronoun* siihal Ito? Ion 

P r|, i_ ,M, « I « loiw rrjnl Inn 

iHWre trmU formal Ion 

Again, who run usr tho fnl lowing slnteaents cqii Ivnlont ly Una 

« fir.mp oi «n algebra'* of languagei 

j« cnnll ft elle II donue Soil caalf asml 

Jl ? «K , »»rt?_iuon canlf I] mo doiiue nun cm If 

• J* 1* l»* Uonnc* II Br le driiiho* 

<*La»«i i« aware that the algebra mny orcSislonslly be disturbed by 
other drmnmln - for euphony ; for Instnncc). 

So In .1 rer l.i In nvuno «umo m.ithrHntJ[r.il nw.innr*NCN pre**rdc (or 
nrriHN|>.Hiy) 1 1..- ;ii*ij,ilrll Inn **t npoot-ii. 11.*/. ifnMi, ilorji onr anmmtpt ton 
orl'U' Hui ii:lili.<m.t| l«;< rail ii.lv f»>U.»w ;»n li t .Wt |»n till «* I f -■ In I 

lanj'ii.ij;.}? 

We alght_dh?nlii some further ilJunlnntlon liy looking at "narcological'* 
casm. Can Hp.if Hilfilrco, without hnrnat fipeecli. tcaru mothcmnt IcsT 
(» short- c In tin I i* pnorr by kvi t holme r and M« J ten by linns Furth look 
at this.) Can children brought up In a totally different culture, 
learn mathrm.it ten na we know it? A paper by tiny ( J 9 7 A ) su ggos t n that 
all known lnngiiagon li^vb the hnalc strnrtur/il elruents of c«vi|unct loo, 
hesatibn and < t «intit If I ration and that tiieso are sufficient for the 
development of M.itiic»ntics» 

T*9 »-\vt«* e n cc .i^wn^W^R^hat.tber* la sore to fiaftie> ■ f lea tlmn 

•I^clnl lniiKunr.c. Ilowcver at If Jed and ntuoted mailt*' ten I dnvelbp- 
■?».l ..womIU b«'_wlth»jr Ihr InuRnnr.o, _ H Is the "more" thSw *i Mean i 03 
to the wurds nml the signs mid the Mhftulstlc cchiveiitl^aA- 



i.ollil ^acinar Iris 
betwren MatheMatloal nii«l M unHraI H Jauftuann 
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C haroc I eri st ics of mathematical lang uag e 

Following Whitehead, wo nay ice mathunat Icol lanfiurtjv* ns more precise 
than ordinary language. Out there Are at leaut two qua 1 if leal Ions wc 
may make. One la that even when used by mathematicians -Hie language 
la nut precise In the sense of "free (rom ambiguity". - Pa r- un abus 3c 
I w»i*hge la a common bridging phrase In. Clio writings of some French 
mathematicians, who core shout these thlnga, /The other la tha*. mathe- 
matical language la not precise in the sense of "being clear'** We 
have o>>ly if* consider legal language to sc«o that the claims of charity 
and oV'iL-iAfji are not always compatible. (Teachera seen store ji^uhe 
Hi i^yr'fl to confuse the tub qualities.) 

Mow ua til learn, say, the word "rectancle"? to give it in Initial 
mean in 7; we distinguish the object described frost objects described 
by "squirt*", "parallelogram", etc. But in order to give a i dcflnltlnil, 
one of the properties is dropped ("two long sides and two .short sides"); 
This enables us to aay, for example, - 

"a square is a rectangle" 

"a rectangle is a parallelogram" 

_ ; _ 2 

these statements have the same formal structure as "a rose is a flower" 

_(_M ,,B _ c '" B,, __9_ r ___ r P*? 8 _*"_i_n_ c _j_M^ e ^_in^^ n _*__U!^V_r_ B _)_v__Bu_t we dp 

_ n 9?_ f!_ r ?^ f P_ c _9 u P! t _* r _ _M** _V_9_ i r^__"fA ove _ <c ! M distinguishing the tiling it* 
describes from the thing described by "rose", or vice-versa. « * 

write, aay, _2<_5 and speak i "two ii _jes» _tijan_f lyc"._ Is 2 less th<_ *» 
5 because ( the former is the cardinal number nf a prnper. subset of rhe 
•*« t of which the latter is the cardinal number? Or berause 2 occurs 
be/pre 5 in the counting order? If wc substitute the cr^eri on of a 

positive difference (a<_b _4f__b a>0) we find ourselves Writing.' 

T_5_<?!_for Instance. Is -5 less than 2? _%n either of xlie above senses? 
See Pima's paper (1980) to ace how words and symbol* dew Irtod in certain 
_<*ltnat_l_on_sre_a|ii>lled_aa me tapirs In dl f fcrynt situat inns...' "MorpbtRma 
l»re«erye_st rueturc but do not preserve meaning." Structur e-equt vo lend 
are not necessarily meaning-equivalents. 



In »m interesting paper, Kaput. (19/9) takes twu "axioms" - moUu*al ice 
is a formal structure, and mathematics ljrhnsed on experience, lie 
suggests that mathematical notation lies" on the border of tlic two 
cones. _ Notation which ctntiot be related. In some way to experience 
Is (literally) nnnsense. But format mathematics Is atcmporal where T 3 
experience is always In time. _3w to tie notation tn experlciisce 1\ tc. 
see it arising from o process (in t Im) whereas. as n feature of , te 
formal structure it Is a lid a Voynet (timeless),. In his terms,' tr 
make sense of mathematical nots^bh we must "anthropnmorphlse it". 

' Uhematical language luii a history * It is a sort of historical Sedi- 
ment. Knnwing the history may it times illuminate, at others exasperate. 
(Why. oh why, should we have to bear with the ciumilncis of^the ra^wnl 
sign, and wliy cannot we write bur numerals so that 4lic place value 
increases from left te right?) - 

The power of mathematical language is undeniable, but perfect It is tint. 
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hang up go use ln»thc mathema ti cs classroo m 
A m under of aborted aspects occur to me. 

What proportions of classroom time arc spent (by I ho I earlier ) Mii Hie 
four mode'l of listening, speaking, rending mid writing? How do these 
Compare wlili other subjects, or with the work of a (non-tenrh lug) 
maEheiiiat l«f Inn? Why In there so little class or group d I hchhh Ion |ii 
rn.UliL-m.it Ich j c lxiB8rooiu»7 Whatever one's views on the d iNCiiNS.ibl ] I ty 
of matin gat Jet* per Bf, there in always the possibility of dlsrusnlug 
alternative solutions to a problem, varlatlnas In algorithms, con- 
trasting proofs. 

But discussion lias other liars, ft la perhaps the principal method 
we liave for negotiating the meanings of words and the validity of 
arguments. X good discussion Is, Tor the participants, a places* 
of "beruwliig cln ,'*. Lakatos (1975) ensts his thesis In the form 
of a gi«i de<i discussion to show that natiiemat Jca, too, requires negoti- 
ation and an evolving clarity* 

Def liil t loos arc not devices for making tilings clear. . they enable 
thought and argument to be exact, but: that is not (1 think) their 
principal function. A definition flags an I den, a perception, an 
awareness, and says of j_c that It has a future, that the. idea will 
be product iue. the form of a definition may vnry, as we know, ro 
satisfy criteria of convenience or elegance, but tiics** arc sohordtn- 
a _ tc ___ to _ _ ? lie _ _c r_l g er _t_on of .significance. Ue tend to __thl«k_ pf nn orgun- 
j H *' ^ L _P n r i <? f *j ! l * m _ rt i 1 c _* * • * 9 j i e c t Uin o f t h*o r ems t bu t j c Is* 
tl'C.d^ClnJt long tJLa_t_powcr the deyejopntent. .Unfortmiat ely very few 
classrooms give students even m glimpse of tills process. 



W|?y «rc_'Vprd problems" such a bugbear for mntheuuit les students 

a »*J_ ^fnrhersT I n other subjects all it he .problems nre word problem! 
i*«rt_«_»f the dtfftciit ty lies jn _ the tact tbat students (lorcnr., 19H0) 
and teai Lcrs (Nesher and Taubel| 1975) are a] 1 the time enj hiding 
to convert word problems Into algorithmic exercises. 



Lore u x also points out. (quoting Bnuerfifeld) that In no other suh|crt 
does the teacher tend to Identify the nuswers to questions hy their 
form rattier than their content* even »o:Hk« extent of re jeering 
correct answers not given in the prescribed form. (flUfHt toning I s_ 
not, Jn any case, a skill that mathematics teachers are generally 
good at* (I have do hard evidence for} this.) It Iji too easy. to. 
formulate apparently straightforward questions, perhaps. I think 
that .to ask "Uh.it do we mean bjr fraction?'* Is as d I ff leu 1 1 to answer 
as "Wliat do we mean by Justice?" Teachers, nnd mnthem.it lea teach r« 
in particular, tend to forget that Socrates Spent most of Ills life . 
demo ok grating that what We 1 h con t rover tlbly Know we cannot necessarily 



tell. 



David Wheeler 
•Nay 26. 1983 
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WORKING GROUP C REPORT j 
APPENDIX 2 

Mathematics educators and others versed In the use of sophis- 
tic* ted rnd t lie in a tics a re some times u^iware of the difficulties 
t 1 earners might encounter as a - result of the language use d in the* 
presentation and discussion of mi ithema t les . Inaccurate, Inappro- 
priate, or Ineffective use of language Is often a contributing 
f ac tor in many learners' conception of mathematics as "something 
you do, but not something you understand." * 

During the past several m 0 nths. by attempting to listen 

careful 1y_ to my self and to my students. I have found that dlffi- 

cultles In language usage In mathematics seem to fall into one of 
thefollowlngtategorles: ^ 



I. Situations where language is constrained by stan- 
dard usage. 



II: Situations where belter alternatives are available. 



— — -— — 4^i^^S-ii^aj34Mvs— 44&mpl~V fled by-c arirte-s"5 ~6 r~~tlrc~b r r e c T 

usage. t 

An Important example from the first of these categories fs W 
the nam 1 1 ng o f t h j __ " t e en s " . ! r r^ g u | a r 1 1 j e s j n t h e words used, 

t be_wor d order A and the s pel 1 j n$s a re a H_pr esent , _. 1 n_ t h j s_s j tu- 

atlon there appears to be no Immediate, remedy except for the teacher 
to_ b* _awa re_n f _ t he _ i nherent _di f f jc u j t J es a nd to be sensitive to 
problems they msy cause in the dlassroom. Some other examples 
from this "categoj-y are: * 

1. "Reduced" fractions: Ooes reducing a fraction make It 

smaller? 



2. "Like" terms: 2*y and 3x# are "like* terms. 

2$*T and 3$ty are "like" terms. 
JZJy and Oxy are n'o t "like" terms. 

3. "Variable": How variable Is the "variable" In the equation 

2xM*57 

4 . In writing an express Ion for * the— sgu)jr fr ro ot of seven more 
titan a number", should one wrlttev^+x or *x 7 



_ _ L _ t he s ec o n d _g a t e go ry A s 1 1 u a 1 1 o n s>_ w he r e _ be 1 1 e r _ a 1 1 e r na 1 1 y e s 

areavailable, appears to be_tht_richest t _ both__f rom_the y lewpol nt_ 
of _ t be .number of examp j es_ a va I la Me , La nd _ t he_ dec i s I ve _ roie__ t hfc t _ t he 
teacher can^play in alleviating the difficulty. An elementary level 

example of thOs type. occurs 1 n t he language used to Introduce 

mul 1 1 pi lea Uoa and d i v 1 s i on . "Two threes are six" and "llow many 
threes In six?" seem preferable to "Two times three is six" and 
"How much Is six divided by three.?" for two Important reasons. 



/ 
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first the !*r«er «Mt language al ready ava llabl e to the students, 
and second. tM; «o obscure the relationship between the 
operations. Soir«'#'Aer examples In this category are: 

i Hm% decimals: .17 should be read -seventeen hundred tbs" 
i. name* c rather thin -point seventeen^ The latter 

Qbscures_meanlng and makes btH%r connec- 
tions mote difficult. 



2. Names of po)yhl «als: 



x a should. be read "x to the second 
power", not_"x squared-, unless a 
jnodel for the latter has already - 
been developed. A similar argument 
holds for x v ; 

3 Classification or equations: -Flrstdegree.second degree, 

third degree" Is probablya more 
meaningful sequence than -linear, • 
quadratic, cubic". 

4. Subtraction: I. i ■ i_-df f fereftce" rather than .-ta Ice a***^ 

_____ -| j 5ji g g e s t_e _L by c e rt a \ rtjnajtj^jOjtU.ve model s 

fe.g* Culsenalre rods! and more eastly leads_ 
to transformation useful In rapid computation. 

5. Bases of numeration: Using the traditional language when 

working In fclherbases of numeration 
is cumbers©** and obscures algebraic 
relationships. For afurther di scus- _- - 
si on of tMs topic* seethe 1980 (Laval) 
Proceed f rigs of _ CNESG. _ _ Also _ refer to - 
Trtvett and Gattsgno (see bibliography). 

The third category Is characterized by careless orincorrect 
language usage* and can be eliminated by the careful teacher. 
Some examples from this category are: - m 

1 Barnes of fractions: h should be read -.ne fourth-, not "one 
l- oyer fou? m . The litter Is devoid of 

meaning and can 1e d tb>ser;lous problems 
In computations with fractions. 

Z. Reading and writing largo numbers : ?!•=;_ ^^S^IJ^MJe 

llttleuseln learning to. read ana write- 
large number*. __A more effective approach 
Is to -read- the commas (Gattegno,). ■ 

3. Time and numbers: -One twenty Mii* AiJJJiiln qf J«5-inJ 
refers to time. "One hundred twenty five 
Is i reading of the number 125. 
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j do hot take the proceeding categorizations to be def I n J t t*e 
" Pf _the_11sts of euinples to be exhaustive! however I tna * 
th|s or a similar exercise can be of value to classroom teachers 
andteachcrtrajners^ It his led me to\ consider the following 
criteria for making chdlces about wha t .language to use: 



1. Use language t ha t ;_ empha s 1 ze s , or at least does not obscure, 
mathematical structures. 

2. tfsc "aval lable" language, 1 language brought to the 
situation by the students or suggested *y manipulative 
models In use. , 

3. Choose clarity over precftlo*. 

4. Use language In a consistent r*«io*er; 



Martin Hoffman 7/83 
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Components of 



A "Grammar** of Elementary Algebra Symbol Manipulation 



David Kirshner 



University of British Columbia 



The_Sfcudy of Algebra may be pursued in three very 

different schools, the Practical, the __ 

Philological* or the Theoretical, according as 

Algebra itself is accounted an Instrument, or_a 

Language* or 5 Contemplation; according as ease of 
operation* or_ symmetry of expression, or clearness 
-of— thought. A lbe_ age re ^ the — UrU or the sapere . ) 
is eminently prized and sought -for . 

(William Rowan Hamilton, 1837) 



That mathematics can be regarded as a language has been 

noted by many authors (see Aiken 1972 for references), rfore 

♦ i_ 

recently, educators have begun to question either the validity, 
or more probably the utility, of that connection: 



It has frequently been pointed out that mathematics 
itself. Is a formalized language and it has been 

suggested that it should he taught as such . . . 

Such statements possess a degree of .validity, but 

would appear to be somewhat dangerous sod potentially, 
confusing. _ Mathematics is not a language. - a means of _ 
communication ^ but an activity and a treasure house of 
knowledge acquired over many centuries. (Austin t 
Howson, 1979, p. 176) 

Indeed several of the previous speakers of this working group 

have expressed a similar point of view* 




Attempts in the past at drawing the connection have 
generally f bcussed on identifying structures of language in 
mathematics or vice versa. In my current research, mathematics 
is regarded as a language not so that knowledge of language may 
be applied to mathematics, but rather so that the techniques 
designed for the study of language may be applied the the study 
of mathematics. Indeed, in the narrow sense by which linguists 
define the term, mathematics is unequivocally a language! 

Ffom now bh I will consider a language to be a set 
(finite or infinite) of sentences, each finite in Uength 
•arid constructed but of a finite set of elements. All 
natural languages in their spoken or written form are 
languages in this sense, since each natural language has 
a finite number of phonemes. Similarly , the set of 
'sentences 1 of some formalized system of mathematics can 
be considered a language. (Chomsky, 1957, p. 2) 

It is hot possible for me, in the short time available 1 
today, to outline in any detail the linguists* methods, or to 
elaborate on the way in which I have adapted those methods for 
the study of algebra. A few words, however, are needed to define 
exactly what is meant by a "sentence" of elementary algebra and 
to identify the basic elements of which sentences are comprised. 

I interpret the term sentence in linguistics to refer to the 
smallest unit of discourse which will normally be uttered by a 
speaker who is being attended by listeners. In natural language 
study, then, sentences correspond to the statements, questions 
and exclamations of normal' speech. By analogy, sentences of 
algebraic manipulation refers to equation solving (or system of 
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equations solving) ana to the eimpH f icd t ion of algebraic . 

expressions. These are the minimal acts which will be 

accomplished by one who has embarked upon Che manipulation of 

algebraic symbols; The basic elements of which these sentences 

are comprised are Che usual algebraic symbols 

a f b f c f x,y,z, 1,2, 3, ...,♦,-,{, ) f * f etc. 

The linguistic program is the development of a . grammar which 

can ,be loosely described as a set of rules which formally operate 

/ - • - 

upon the basic elements to produce the sentences of the language* 

in my study v the simplification of algebraic expressions has been 

[ • 

'selected as Che subset of sentences of interest. 

I _ ■ _____ _ _ _ 

1 A grammar, as a mechanism for the production of sentences, 

can be regarded as a cognitive theory* The_ devi Ces_ jmp.loy ed by . 

the grammar are postulated to be the same ones employed by the 

competent manipulator of algebraic symbols; Alternative grammars 

may be formulated representing alternative cognitive theories; 

Psychol ir^gui st ics offers various paradigms for the Selection of a 

grammar from amongst alternatives oh the basis of competing 

psychological claims* 

In the case of natural language, linguistics involves 

analysis at a variety of levels (phonemic, morphemic, phrase 

structure, semantic, etc). A grammar of algebraic manipulation 

likewise involves various levels of analysis. These jrill be 

outlined during' the remainder of my talk* 
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) . Classif icot ion of Basic Eicw e rit ^ . The first stage is 
the identification of the basic elements and their assignment to 
various classes (eg. operators, quantity symbols, and grouping 
symbols). As an example, the J symbol is interpreted as a 
conjunction of two symbols:./, and'", belonging to the operator 
and grouping symbol categories respectively. 

2 . Expr e ssions . Having established the basic elements of 
the theory and their classification, the next step is to 
rigorously define which strings of symbols will be considered as 
"algebraic expressions" (eg. 5xix ♦ y'M 1 , not Sxiy*" 1 J. 

3. Parsing. ' This component determines the parse of well 

._ j 

formed expressions. For example, it is necessary to define 3x* 

as representing 3(x 4 ) rather than (3x) s . 

4 . Transformations . The fourth stage is concerned with 
the properties of real numbers which are used in the generation 
of one algebraic expression from another. These include 
arithmetic transformations, the standard "field axioms" of 
algebra, and any other number properties which a competent 
manipulator of algebraic symbols may bring to bear on one 
expression in the derivation of another. 
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Co mponent . this penultimate level deals 
with the actual application of real number properties to 
syntactically determined expressions, this component specifies i 
decision procedure to determine whether a particular 
transformation is applicable to a given' algebraic expression. 

* ■"*.'. 
6. S e mant i c Compon e n t . thus far the levels of analysis 
defined allow for the production of strings such as 
4x J - 12i - 16 - 4(x» - 3x - 4) - 4(x 1 * 1 - y ♦ y - 3x - 5** 1) as $ 
well as 4x' - I2x - 16 - 4(x* - 3x - 4) • 4tx - 4)(x ♦ i|. m 
Both of the"se involve the correct application of correct real 
number properties, it is necessary , however, to exclude 
sentences of the former sort which are Vn some sense 
algebraically "meaningless", the semantic component consists of 
a classification of sentence types according to the purposes 
which are normally associated with expression simplification such 
as factoring, reducing fractional expressions, rationalizing ? 
radical denominators, etc. In each of these cases it is | 
necessary to delineate the initial configurations required and ."3f 
the sequence of transformations to be applied. U have not yet -fy 
constructed the semantic component). 

. ' : -ii 

It is postulated that these six components of the algefiraic | 



grammar represent the areas of skill and knowledge required for 53 

_ 

successful mart ipulat ion of algebraic expressions". To the extent^ 



1QB 
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that this is true (and to the extent that the rules specified 
within each component correspond to cognitive structures) many 



important implications to algebraic curriculum may be derived. 



To the extent that these claims are false, the linguistic 



paradigm, in algebra as in natural language, challenges 



researchers to devise a more adequate grammar. 
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WORKING GROUP D 

The Influence of Computer Science on Undergraduate 
Mathematics education 



John Poland 



List of participants: Bernard R. HODGSON (Laval)- 

John POLAND (Carleton) 
tfvari ROUX «U.Q. a Rlmouskl) 



. v This working group was a continuation of one oiwthe 
same topic the year before, and hajj. been Advertised 
having the aim of producing working/ documents for 
pu.bllcatipn on this topic using ^n? ferti ie ( production of 

the_working_grpup in 1982. _ JfvanT Roux attended only the 

f i r s t _ nwe 1 1 ng whe r e he r a i sed _ t n& general quest 1 o n of wha t 
cha ng es _ i n f luc n ced _ by comp u te cjjc i e n ce Vpu I d be app r op r i a t e 
in undergraduate ma t hema t I cs _ edpeat ion _ to mee t soc I e t y • a 
oe«dsi_and_af ter the_discussipi4^e^ 

time at the meet! ng _ reading. th£_haclcgr pundma ter ial to be i 

a botterpositionto pattlclpatelin.cpncrete changes he 

anticipates In his own department. in theepming year. _ The 

second meeting was a discussion of _the_issues_wl th_Peter 

Hijrton. The final meeting produced a draft for the article 
the , appendix. 
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* REVAMPING TUB MATHEMATICS CURRICULUM: 

THB^ INFLUENCE OP COMPUTERS 

by Bernard R. Hodgson and John Poland++ 



Almost every mathematics department in Canada has 
experienced a drop "in the number of students graduating with a 
mathematics degree at the bachelor's level i in many cases, to an 
unhealthy level. This phenomenon has occurred in many other 
countries, too, and it is clear that the attractiveness of a career 
in bur sister -sub jcct^ .compatLng^-ls_n- jma J or f a ctor . — Computing la 
the hew, challenging and prestigious frontier. But there are a 
number of key factors in thi* computer- revolution that we feel will 
compel specific Changes in undergraduate mathematics education* 
-Let us spell but What we see as tmese key factors, the problems to* 
which they give rise and scenarios of probable reactions and 
solutions. ' f 

Most important, in the next few years we- Can expect to see 
large numbers of freshmen in bur mathematics classes with a 
substantial experience with microcomputers and their programming 
packages. Many provinces are committed *te extensive distribution 
of these facilities to secondary schools and many students are - 
eager to learn. At the undergraduate level we will see more .r]~J^ 
-disciplines using increasingly sophisticated computer techhiquwf 



••*Thls^«rticle_is the outcome of s working group of the Canadian 
Mathematics Education Study Group (CMESG ) meeting in Jfcpe* 1983, 
meeting made poaalble through a SSHRC grant. We ex pr<rfmVour 
indebtedness to the lively contributions of the members of the 191 
CMESG meeting on this topic too. • 
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and backup mathematics . Of course, computer programs will continue 
to grow in their ability to do arduous multlpreclslon calculations 
and carry out our standard numerical algorithms (like- ^impson's 
rule, or 'row reduction of .matrices ) , as well as grow in the ability 
to do routine algebraic manipulations (like techniques &f 
indefinite integration or solving equations for specified 
variables). And the increasing ability of computer programs to 
carry out routine undergraduate mathematics also comes with a 
growth of the ne^area of modern applied mathematics: mathematical 
computer science (from computational complexity and probabilistic 
• algorithms to formal languages and crypfeajialysi s f . * 

Dcfes mathematics as wi» teach it* now really address these 
changes? Wo FUol that most of the undergraduate introductory , 
iiiathem.it les courses in calculus, linear algebra and abstract 
algebra are presented In the classroom as-* though computers do not 
exist, llow can we expect to be considered as teaching to our 
students when for example we present the traditional techniques of 
integration (e.g. partial fractions) ajid our students know tiiat 
already there are packages to do these symbolic algeb^pc 
manipulations on the compute r r and in a*y case computer ^rograms^ . 
exist -to evaluate definite integf als without using antl- 
deri vat Ives? o This illustrates that some of the content of these 
courses needs to be deemphasl xed , especially aa .It' relates to the 
actual passage to and evaluation of solutions that computers can 
obtain (c.f. P.J. Hilton in (CMESG 831). But the more we use 
computers for these processes, the more we will need to emphasize 
checking and validation. The question is that thorny one-jof 
relevance. How relevant is our approach to the calculus or # 
algebra? ^ How relevant is the actual content of otfr courses? Are 
there other topics we should be introducing to the students? And 
how relevant does mathematics seem to them as a way of solving 
questions with which they are or expect to be concerned? What we 
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wish most to share here is our feeling that the attitudes and 
expectations of the majority of our freshmen who have some interest 
in* mathematics ia and wilt continue to be for. some time that the 
most challenging and meaningful problems have to do with computers. 
And "this must be acknowledged In our methods of motivating our 
students, and students from other disciplines takings our courses, 

'In what reasonable ways might we modify the content and * 
style of our undergraduate mathematics teaching? It seems useful 
to .point out that this situation can be addressed at different 
levels. Right In the els as room we can make use of handheld 
calculators or a microcomputer" with a number of display units to . j 
painlessly collect empirical data as grounds for hypotheses arid as 
a source of problems* or simply as a means of ^.easily and 
effectively Illustrating results. , Outside the classroom, J 

assignments to the students can involve similar computer-- related 

_■ - __ r __ _^ ' 

methods and can incorporate experience witt} existing computer 

packages, such as LINPACK in linear algebfa. Here wo see the 



computer as a very powerful tool. Next, as we have argued above* :| 
the existence of these computer programs allows us to shift our :| 
viewpoint when we come to 1 teach various methods of calculation. 'C| 
Approximation, estimation and optimisation will gain in emphasis 
(including at the secondary school level). Algorithms are central 
to computing. We can expect an algorithmic way of thinking to grow . 
'in mathematics. It will stress recursion, iteration and induction 



as its tools, qnd routinely include such topics aa computational >3 
effort when ah algorithm is introduced, including the necessity of . ■$ 
formalising algorithms in. order to analyse them. To meet this _ M 
perspective, we could use more algorithmic, constructive methods of ^ 
proof where appropriate. At the same time, we should not forget || 
the appropriateness of many areas of mathematics to the study of f| 
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exactly those now aspects, which brings us" to the next level of 
'possible modification. "* ' 

For the content of biiir courses , the demand for an 
introduction to the material of mathematical computer science Is 
clear. The more advanced of these, on discrete structures or the 
design and analysis of algorithms or finite automata theory, are 
appearing in most undergraduate mathematics calendars and their 
adoption is generally not problematic. But the most elementary of 
these, under the umbrella title of Discrete Mathematics, is 
currently the subject of a debate, • based in the United States, on 
whether to offer such a course as an alternative, to the calculus In 
the freshmen year f RALSTON 81 and FUTURE 83). In summary of the 
debate, the concensus seems to be that no satisfactory textbook 
(and henpe no satisfactory, syllabus?) for such a Discrete 
Mathematics coarse yet exists | and the calculus may be a more 
effective vehicle for teaching^ mathematical maturity, by virtue of 
its* own maturity, depth and wide applicability. Let us look at 
these two' points. 

Frequeotty the proposed curriculum for the freshmen 
Discrete Mathematics course is a collection of traditional 
mathematical results, similar to present Finite Mathematics 
courses* Boolean algebra, combinatorics, induction and recursion, 
graphs, ts this a satisfactory and relevant approach to the 
problem, or is it disjointed, superficial and trivial? What Is our 
purpose with such a course: to introduce the student to a language 
and some elementary results useful in studying computer science? 
Or can wo go further and show the power of mathematical thinking? 
Research in modern applied mathematics shows us the relevance to 
the discussion and solution of major computer science 
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problems. Can we convey this to our students convincingly? One 
approach night be a course on congruences over the integers , finite 
fields, polynomials and coding theory. Another, on the 
combinatorial analysis of algorithms, wlTs outlined by R. Wilf in 
I FUTURE 83, p. 381 and is similar to Chapters 2 and 3 of -the 
successful upper-level text {DESIGN 74] by Aho, Hope r oft and. 
ullman. 

What is the basic perspective we should retain when 
considering these changes, what is our overall goal? The major 
recommendation of tCUPM 61) was to capture the students* interest 
and lead them to develop both the ability for rigorous mathematical 
reasoning and the ability to generalise from the particular to the 
abstract. In this context it should be recalled that the Science 
Council study of mathematical sciences in Canada [COLEMAN 76] found 
"almost all mathematics professors allege that •their highest 
ambition in undergraduate teaching is to convey not specific 
content: but rather a way of thinking", a way of thinking that even 
bur colleagues tfi other disciplines consider important arid wish 
their students to undergo when taking bur courses. . It is so easy 
when teaching specific content to- forget %hat bur subject matter, 
mathematics, is one of the greatest intellectual achievements of 
mankind'. True, many introductory calculus bourses are presented ss 
mere expos i tion- regurgitation , but how much^ greater is the 
possibility that the original proposals of a" Discrete Mathematics 
course degenerate into meaningless junk? Can we offer bur students 
courses in which the power of mathematics can be demonstrated in 
computer science and the value of the computer in mathematics can 
be appreciated In its proper role? 
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Perhaps Che most attractive option la to blend the new 
approach in mathematics outl tried previously, wt th the trad 1 1 to rial 
values oC calculus-analysis-differential equations courses* 
Examples of such Integrated courses can be found through our 
bibliography (E. Barbeau in CCMES6 82), [CRICISAM 6.81, P.S, Roberta 
In [FUTURE 83 J, P.J. Taylor in [CMESG 82), [WONHAC^TT 77)), arid we 
wbiild appreciate hearing of others. Students graduating with' such 
a modified undergraduate mathematics education would be better 
prepared for future changes arid to use the ful/1 range of their 
mathematical training j "In their work. A model that appeals to us is 
that of someone beginning with a large database, taking the limit 
to obtain a continuous function Incorporating this data, perhaps as 
the solution of" a differential equation, ,end then solving a 
discrete approximation to this continuum formulation, for example 
using tKe finite element method and linear algebra. 

Before you decide on the nature and details of the changes 
you' would i^ke to see in undergraduate mathematics education in • 
your university, do read the well considered proposals of [CUPM 
8lj, the many sources and ideas in [CMESG 821 and our annotated 
bibliography. If you begin with email changes In your courses, 
these will probably be mainly in style, and you should collect 
resources, including texts that incorporate this style in their 
presentation (e.g. f STRANG 80) in linear algebra) IWOHNACOTT 77) In 
calculus.);. For larger r "curricula" , changes you will need to 



convince your colleagues, both within your' department and those in 
other disciplines, of the value aod necessity youf suggested 
changes, A*description of both the new content and stylo- is 
necessary so that the spirit of the change is clearly perceived. 
Problems in coordinating your proposed changes with other 
departments are discussed by C.K. Barrett in [FUTURE 831. 

We railed the question of the relevance of mathematics 
courses,* taught in the traditional form, for students arriving tit 
the university with » wide computer background, as many of our 
students will. We argued for 'the re te fit ion of presenting the 
mathematical way of thinking and -showing the student^ the power of 
such ways of thought •• We argued against simply replacing 
traditional courses with a scattered introduction to the language 
and background of mathematical computer science. We offered a 
number of suggestions on ways of producing more convincing 
introductions, and more important we suggested ways of making 
adjustments in existing courses to meet with the increasing use of 
computers by bur Students; Our emphasis was on the fruitfulness of 
the interaction between mathematics and computer science, and the 
reasonable modifications we can attempt in our courses so our 
students have a deeper, wider and more meaningful education in 
mathematics. 
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Applications of Linear Algebra .- 3^ edition t 
c. Korres and ii. Anton, Niley, 



1979. 



Good (inexpensive) supplement to any standard sopfio- 
more- level textbook. Includes^ topics frcn a wide va- 
riety of fields (business, economics, engineering, 
physics, genetics .computer science .geometry, etc.). 
Chapters are independent and are rated according to 
their difficulty. 



[APPLICATIONS 801 Applications for Elementary Linear Algebra . S.I. 
Grossman, wadswortn, 1980. 



Somewhat similar to [APPLICATIONS 791 , but with 
less coverage. ' i 



4 



[BIRJOI0FF 723 'The iajpact of computers. on undergraduate mathematical educa- 
tion in 1984", 6. Birkhoff, American Mathematical Monthly 
79(1972) 648-657. ~~ £ " 

Sapports use of computers for study of the limit concept, 
rates of convergence, equation-solving, formula manipula- 
tion, etc; "New courses, to be widely taught by 1984": dis- 
crete mathematics, numerical mathematics". 



fCKESC 82j Procaedln*e of tha 1982 Annual Hectlna of the 

Canadian Hathcaatlca Education Study Croup , ad. t).t. 
Croat, 1982. (Available from Educational Eaaourcaa 
^'°^*^* oa _Cantar (ERIC), Ohio State Unlvaralty, 
Columbus , Ohio.) 



fagat 51-95 give tha report. of the working group on 

t6a in flu* oca of computer aclaoce on uodargraduate 

Mathcaatica aducation, iocludiog appandicaa hj aifht 

of the ooa dpaaa participaota. A lively, nultifacatad > 

•at of articlaa, «ora poaitiva is apirit than | FUTURE 

83 K with May concrata auggnatlona. 
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ICMESC S3) froceadlnn a of tba »W Annual Meeting ^>j-the> 

HaEhewajica Educa tion Study Croup . nd> C. 
Verbillc, to epp a ar, 1983. " " 

Of particoler intercat ia the addreaa by rVJ. Hilton 
©» "lb? Mtow of mathenatica today end inplicetiooe 
for tuthema t let teaching" which givaa bbtb gene r»l 
principles ani specific instances of vbat ba vould 

_P V? *»4 Fut ia to uatbeuatile 

aducetion at all levels. 



(golekaji 76) 



Mstbtasticsl Sciences in ( 


ianedai Scianca Council of 


Canada Bsckrrnuod Study 31 


A*J« Cole pan at al., 



- - — — . - . -■ 

Cbaptar four la particularly relevant Co uodergr adnata 
mathematics teecbiug and curriculum dttvaiopatant. 
Tbair phil oso phy ia vary clota to [CUFM gl] : 
*» c ?«M«*_^fcM4?_9«_t««ebUf tba origin and untboda 
•l_«ol»tioBj of probleme ia tba ma these tic ul scisficet 
and ton ability to communientn vitb otbar disciplinee. 



IdUClSAH *S) Calcol 



ftacb, V. 



Steinbargand ft.J. Walker, Center for Res eercb in 
College lot t ruction of Scianca and Ma thane tic e 
(CRIClSAH), Florida State University, 1968. J 



An experimental textbook, that begin, vitb ij 
■PP ro *i~lins solutions of equation*, convergence, 
finding araaa and voluuna by T"- 

•PP^onin^ ting and utieg linlt Uaoreat, laeding into 
iotagracion nod dif ferentietion vitb many numerical . 
and algorithmic ideas. Read tba • mat one offered lor 
ica lack of aucceee U (muU 13], p. 223. ' 
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ICOTH 81] fccco— ends tian e for e Ccnersj Ha^henstical .Science* 

Progrew. Report of tbt Conittet Oo tht Oodtrtrtduste 
Frogrsu in Ms theme tict (CU?H), ed* A.C. fucker^ 
Mstbeaeticel Association of Asetrice, Vttbio tc on, 1981 « 

A * er 7 cooeidered not of propotelt about tbt 

t»oder g rsduete teaching of MtbcutUi in generil. 
Chipter odi »«kii May velueble points and ie vortb 
reading in Septcabcr every /freijrwX 

/ * . v j 



(luTUIE 83) The gqturi of Collate Mathematics ^ ed. A. Rait ton 
mnd C;S; lOung, Springer-Vcrlng, Hew York, 1983. 



A collection of invited paper* for a Sloes Fouodetios 
conference to 1982 vieb brief report* on tbc 
diicnieion of these pipers end three vbrk* hops* ifoit 
of tbt paper a centre about tbe <jne a t ioo i of replacing 
l^^^ c ^^_M|cul«a b« a discrete aatbenstics 
couraej rsited by (ftALSTO* 81). Unfortunately eoat 
curricula* development is eitber too general is * 
principle to see bow tt would be implemented or too 
•pecific in contenta to catcb a glineiet of tbe 
•pirit. tburse descriptions by B.S. Vilf (p,3») end 
f\S. Roberte (p«l26) sre tbe exceptions* 



[GORDON 79*3 •Jfc.discrete approach to coairuter-oriented cal cuius' \ \ 

S.P* Gordon. American Mathematical Monthly 86(1979) 386-391. 

Describes an approach to calculus which incorporates the 
computer "in a particularly natural way": finite differences 
and sums are used "to motivate the infinitesimal calculus and 
to provide the appropriate setting for solving ''reai^ prpblefts 
using discrete apprcociajations". lit is claiaed in [RALSTON JU1 
that the ccrnputer should influence the ma thaaatics curriculum, 
more prof oundly than such local uses . ) Con tains a good bibl io- 
graphy of articles about incorporating caaputing in Ae calcu- 
lus sequence. 




runt** 79b] 



M A discrete approach to tlie.caldilUs 11 * S.P. Gordon, 
4nt^ J. Hath. Educ. Sci. Tcchwl. K) (1*79) 21-31* 



Similar to [GURflON 79a3, but with less mathematical con tents' 
and a more general discussion. Contains an analysis of ex- 
perimental impkmatations o£ this approach. 



CC1UCNSPAN 803 Ari thmetic Applied M a th e m a ti c s . D. Greenspan, 



Pcrgamon Press. 



r 



I low finite techniques and the computer can replace much of 
what is done in contimea% applied mathematics . From the • 
preface: "In Jhis hook we will develop ri computer ,__retber 
than a contimaim, approach to the deterministic theories of 
praiicle mechanics. (...) At those points where Newton. 
Ulbhlz, end Einstein foteid it necessary to apply the analy- 
tical power of the calcc'f , v* shall, instead, apply the 
coioputDtiooalpoHerof modern dig Jul computers, {..;) The 
price we pay for t the mathematical simplicity of our ap-* 

proachS is that wesaist do our arithmetic it high speeds, 1 ! 

(See also the author's Discrete tadcts, AddisoiAfesley, 1973.) 



flEMUCI 773 Computational Anal ysis with the HP»2S 
Jbnrxci, Wiley, 1977: !B *~ 



Programs by the author iioplcwn tine algorithms in_ number 
theor^enuatjms^^ Integration, evaluation 

of special, functions . Interesting in the way he uses many 
areas of avitltrmatics to protfcice a 1 for it lias that are fast 
enough to run on a programmable pocket calculator. 



tllll.TUN 793 T he *ol« of Applicative in the Pod erjtraduate Ha thenar lee 
C urriculum ^ Couftlt tea on Applied Hathenatlct Traioloj 
(P.J. 1111 toa, chairman), Aaeenblj of HathuaatJcal and _ V« 

ynralcal Scicocca, national fteaaarch Council, Vaahingtoo, 1979._ 

Report of • coalCCas fotatd by tha K*C to coo a Ida r the problem j 
of r« hap log tha t k *ch i o t of sra t h an* tlc& to uea t t ha ncede and ^ 
purpoeet of today' « atudaata. Similar 'in aplrit to (CUFM 613. \ 
with a greater atreaa on "the reiteration of the role of dif .; 
'« r «" tl *l «»|tf«tlona In tha cora curriculum*. Advocataa cloaJur | 
"** tha gap between aba tract and applied Ma theua tie a and creating >| 
broad najor in tha nathaaatlcal ac la oca a. Ideotifiea tha * || 
principal problem aa baJng one of attitude. 
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CHILTON 82] 'The emphasis on applied mathenu tics today ind its impli- 
cations for the mathematics cun-icuW^ J».J. Hilton, in: 
New Direct ions in Applied Ha tlwa tics , ed. P*J. Hilton and 
Young, bpnnger- Ve?l ag ; lti82/ pp. 155-162. 

Dy tiia chairrJin of the 'Mitch panel 91 responsible Tor the 
report CHILTON 79J. As in the talk presented In (OCSH 85), 
promotes the unity of the mathematical sciences.. 'Might the 
sterile antagonism which one sometiiucs finds today between 
pure and applied Mathematics -and pure and applied ©a thema- 
tic ions -be eliminated by abandoning those l»f>els and rever* 
tine to the notion of a single indivisible discipline P 
mathematics." 



CXWrni 741 •toniiiter science and its relation to mathematics* 1 , D.E. 

fcwth, American Mathema tical tonthly 81 (1974J 323-343. 

* . I*r*°hil view of the interactions between computer Science 
»M rojhanatics^ Discussion of a ••typical computer science 
problem "(hashing") to JJlwtrate the similarities and diffe- 
rences between the two fields. Describes computer science 

%ss M the study of algorithms". 

v 

OAX ET AL. 763 Calc ulus with Applications and Conputing . Volume 1, P. «*■ 
CaT/*i. turstem and a. tax, bpringer-Verlag , 1976. 

In CMOTICES 83]* the first author supports the view that • 
calculus should remain the centerpiece of mathematics educa- 
tion in the first two years of college. Bat it is essential, 
he adds , the mod t fy the way 1 1 is taught according, to the 
Modern spirit 1 + for example by talcing into account the --JM 
impact of computing. Ills conceptions can be found in this inspiring 
text which eranhasUcs t lie relation of calculus to science. ' 
Nimprical methods are presented as organic parts of calculus, 
not nere appendices, while change of variables or integration 
by parts serve to get new Integrals easier to approximate nu- 
merically. A must read 1 
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C McCARTY 7$) Calculator Calculus. G. WcCarty, Page-Fieklin, 1975. 

A ^rkbook to accompany a conventional calculus text. 
Uses the pocket calcuiatpr tp inustrate the^theory- 
Each chapter contains several examples with detailed - 
discussions and complete solutions. easy cxercices and 
sore difficult problems . Most important tneorems are 
usually cited explicitly. 



(MX£L 803 "Calculator calculus M Vg^^ J^S^ixH^^' 9 * 
American Mathema tical Monthly S7 (1980) 243-253. 

Although the calaaatpr_can re 

calculus notions, indiscriminate use of it or lack-of 
awareness of the effects of roundoff errors can lead to 
mistaken interpretations of_results^_ Nicely illustra- 
tes the point with many exampUs^forinstance Zeno s 
paradox seen in^ the context of roundoff errors, Bcten- 
. . sive bibliography. 



[MlUES m 



•Calculus and theVoa^ the OUCISARMlcalus pro- 
ject - M^j^M^.^.V^^^i^i ^! e 5Ar Jr " # 
American Hithematical Monthly 78 [1971) 284-291. 

Oh the history of the CRIClSAM P[°^;«* iiSIr 

formations on CRIClSAM can also be found in Riles* paper 
in the book (TOCRRCW 813.) 



[KCDELS 733 



Mathematical Models and Applications. D.P. Maki an*H. 
Thompson, Prentice-Hall, 19/J." " 

Intended for junior and senior, students* Topics cohered 
inc^Jter^ chains, linear <V?W»tto^papto and^ 
growth processes feoth D y mmm of ^ ai «^!^»^ £i 5^ ti< 
difference equations!. Each chapter has exercises, 
project andTgood bibliography. Authors «8gMt a variety 
IT cwrsestbat^can be tiigh?xrom the book: survey, in-dq 
teacher preparation. 
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[MODELS 773 
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L , R. Haberman, frehtice-ffill , 1977. 



Intended For the junior-senior level. Three long 
chapters Jbver 100 pages each! on mechanical vibrations, 
poiwlation_.d^n^ics aii^ 

a very good text for an undergraduate introduction to tech- 
niques of applied mathematics . Chapter * on population 

dynamics uses both s discrete and a continuous approach. 



[NOTICES 83) "Fraahnao Hathe»et lea" Wot ice a of tbe Africa a 
hethenitlcil Society 30 . 1983. pp. 155-171. 
Tranacript of a panel diacuaaioo on thia topic at the 

Annual Meeting io Denver in 1983, with apaakera 

C**i_t°^ B 8._and I R.O. Walla Jr. 
Notcwor thy ia 1*1 a too' a rauuirk that "y a need an 
alternative. to freahaan caleulua vpieb it not a 
(evolution but en evolution,* and tea' i 0 rebut a 1 to tbe 
dlacrete Satbeuttei iuggeittoni. 



[RALSTCN 81] 'ComTtiter science, mathematics and the undergraduate cur* 
ricula in4ioth»- A. Ralston, American Mathematical 
Mmthly 88. 1981, pp. 472-48S. 

-*■»» ■__ 

* The article that provoked the conference [RTIURE [833, 
i aYguing for the consideration of a separate mathematics 
curriculum for_ computer science undergraduates, begin- 
ning with a_disci^te_aut|icjnatics icourse rather than cal- 
cuius . _ _A_wcii - argued intr odiction to the topic wh ich notes 
that* _ however desirable and valuable , the use of computers 

in the calculus and_other_courses_is_not_ sufficient.. 

•There has been little realizatidhjthat the^dVeju ofLcopi- 
puters and computer science might suggest some fundamen- 
tal e changes in the [mathematics] undergraduate curriculum. 9 
(See also the longer technical report, with. the same title, 
on Which this paper is based: Technical report 161, Dept. A 
of Computer Science, SUW it Buffalo, 1980.) 
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CROSSER 72j ••Mathematics courses in 1981", J.b\ Rbsser, Am e r. Mat h , 
Monthly' ?9 (1972) 635-648, 



•Unless we revise the calculus course^_and th e d ifferential \\ 
equations course, and probably! the linear algebra course, 
and I do not taww what other courses, so as to enbody such usi 
of computers, most of the clientele for these courses will J 
instead be takiJaf computer courses in 1984." J 

-» _-_ - ' 

••I believe (the average student] would be letter offleaming 
the algorithms Ih a mathematical couree, if they are pro* : 
perty taught there. if^they^a r e prop e rty t a ught !" 

< r- 



(STftAlIC W] Lloaar Aliebra aod ito Aoaftcetiooo (Sacoed 

{d it loo), C. SCraog, Academic Fra a a, -~ttav York, 1900* 

* eempmtatiomai diacoaaioaa ioclodiog tha at ability aod 

aff iciaocy of tba algorithm*, aod mate a cm tlHF/.Ot> 

Vaiirdaeigeed. freai_|ba_viay_»eimt of oomarical lioear 
algebra, bet weak am the comcept aad mae of liaaar 
traoaformetioea* 



jsiTPPIZHglir 7f i Pockat Ca leal a tor gapplamamt for Calcoloa . J»l. 

toeiaf aod C. da Boor, Addiaoe Veetey, Raw Tork # 1979. 
IpexpaoalTo edit cover aditioa, coo be aaad im 
comjomctiem vita) amy caicolme tost* 



n 
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[TOMORROW 813 




CWILF 823 
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Mat hematics Tomorr ow , ed» L/A. Steen, Springer-Verlag, ~ 

mr. : 

A collection of essays, some of which are related to mathe- 
matics curriculum, applications. and the_ influence of compu- 
ters, For example, the essays by J.P. King ("But I ask a 
.favor, let one course, just one, remain pure. And let It 
be beginning calculus.") , A, Tucker (same spirit as Chapter I 
of JCuTM 813) and _W»IC tucas ("[The mathematics community! 
must let quickly aiid iii-a meaningful way. There exists 
many good strategies. Hie question is whether we will select 
one and implement it In time, or whether we will follow phi- 
losophy's decline into prestigious isolation and irrele- 
vance. M ). 



•The disk with the college education* 
Mathematical Monthly 89 (1983) 4-8. 



?, h.s. m\f. 



American 



muMXTH is conning t muM&TH is tawing! (Hie impact of 
the availability of symbolic manipulation on i personal com- 
puters is also discussed in the author's paper in CrVPJRE 
v833, where it is stressed that "it can be very unsettling 
to realize that what we previously thought was a very human 
ability (...) can actually be better done by "machines'*.* 1 ) 



(WOmiACOTT 77) _Celcnlwa» an Applied Approach. T.I. wonnacoEE, 
Wli«x» Y ???»-_? 9 ZI» _, 

Begin* wit* approximating and defining e and baa nucb 
interplay between the dif f ereae log situation* ("finite 
calcolua") tod differentiation aituatio.t 
("infinitea>al calcoloa"). lis teaching ability •now a 
in thia readable text. v 
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TOPIC GROUPS 



L INTUITIONS AND FALLACIES IN REASONING ABOUT 
PROBABLITY - BY DANIEL KaHNEMAN 

Departhent of Psychology 
University of British Columbia 



MATHEMATICS CURRICULUM DEVELOPMENT IN CANADA : 
A PROJECTION FOR THE FUtURE . 
• - BY TOM KlEREN 

Department of Secondary Education 
University of Alberta 
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TOPIC GROUP L 

PUBLISHED MATERIAL RELATED TO KAHNEMAN AND ASSOCIATES 
RESEARCH/ UPON WHICH THIS PRESENTATION WAS BASED/ IS 
INCLUDED IN: 



JUDGEMENTS UNDER UNCERTAINTY: HEURISTICS AND BIASES/ 

by Kahneman/ Sloric and Tversky/ Cambridge 
: University Press, 1982. 



V 
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